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Introduction

For a discrete group m and a rational cohomology class = € H*(K(7,1);Q),
the higher signature determined by x is the characteristic number

sig, : 0J(K(m,1) ————— Q

M, o] —— < L(M) U o*(x), [M] >
where L(M) is the L-class of M.

By definition, the signature sig, (M, a) =< L(M),[M] > only depends
on M. Furthermore, according to the Hirzebruch signature theorem, the
number < L(M),[M] > is equal to the index of the intersection form of M,
and thus it follows that if there exists an orientation-preserving homotopy
equivalence N ~ M, then for all o, 8

Sigl(Ma CY) = Sigl(Na 6)

In general however, the higher signatures do also depend on the map «,
and consequently one cannot expect to find such an invariance property. For
this reason, one says that the higher signature sig, is homotopy invariant if
for every orientation-preserving homotopy equivalence f : N — M and for
every o : M — K(m,1)

sig, (M, o) = sig, (N, a o f).

Novikov discovered that for manifolds with fundamental group = = 7Z all
higher signatures are homotopy invariant, while Rokhlin studied the case of
m = Z x Z. These examples led Novikov to the formulation of the general
conjecture:

The Novikov Conjecture. For any x € H*(K(m,1);Q), the higher signa-
ture determined by x is homotopy invariant.

It is clear that the Novikov conjecture is a rational statement, and it would
be interesting to have an integral formulation of it. A classical approach to

il
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this question makes use of L-theory: it has been shown that the Novikov
conjecture is equivalent to the assertion that the assembly map is a rational
injection, and thus an integral version of the Novikov conjecture can be
obtained by requiring the assembly map to be an integral split injection.

What we want to discuss here is a more geometrical and intuitive approach
which has been suggested recently by Matthias Kreck. Kreck’s idea is to
introduce a homology theory hh,(—), which he calls Hirzebruch homology,
and which has the following fundamental property:

1. there is a natural transformation u : Q39 (—) — hh,(-)

2. there is an isomorphism 7 : hh,(pt) — Z[t] such that the following
diagram commutes:

Here 7 is the ring homomorphism

T: Qfo —— Z[t]

[M"] —— sig(M™) - /4

Let u, be the group homomorphism
uy, : Q39 (M) — hh, (M)

induced by the natural transformation u for an n-dimensional oriented man-
ifold M. This homomorphism maps the bordism class [M,id] € Q39 (M) to
the element w,([M,id]) € hh, (M), which we call the Hirzebruch fundamental
class of M, and which we denote for simplicity by [M]. If « : M — X is any
continuous map, then we indicate by [M, a] the element a,([M]) € hh,(X).

The Hirzebruch fundamental class is said to be homotopy invariant for

a discrete group 7, if for any orientation-preserving homotopy equivalence
f: N — M and for any map o : M — K(m,1)

[M,a] = [N,ao f] € hh,(K(7,1))



Integral Novikov Problem (M. Kreck). Determine all discrete groups
m for which the Hirzebruch fundamental class is homotopy invariant.

If one takes the tensor product with Q, then there is an isomorphism

hh.(M) ® Q ~ H.(M;Q[t])

and it can be proved that the rational Hirzebruch fundamental class [M] €
hh, (M) ® Q is mapped to the Poincaré dual class of L(M). The Novikov
conjecture is therefore equivalent to the homotopy invariance of the rational
Hirzebruch fundamental class for every discrete group 7, and thus the prob-
lem formulated above can be interpreted as an integral generalization of the
Novikov conjecture.

Replacing the homotopy invariance of the higher signatures with their
topological invariance, one gets a weaker statement, which is nevertheless far
from being trivial. In fact, since the discovery of exotic spheres it is known
that there are homeomorphisms which are not homotopic to diffeomorphisms
and so there is a priori no reason for the Pontrjagin classes to be invariant
under homeomorphisms. However it holds the

Theorem (Novikov). The rational Pontrjagin classes are topological in-
variant.

This highly non-trivial result implies the topological invariance of the L-
class and consequently of the higher signatures. For the integral Novikov
problem the situation looks quite different, and in fact there is no obvious
way to reduce this problem to Novikov’s theorem. This motivated Kreck to
formulate the following

Conjecture. The Hirzebruch fundamental class is a topological invariant.

Up to now we have used the properties of Hirzebruch homology without
any mention of its construction. Since Hirzebruch homology is after all the
subject of this thesis, it is worth to spend some words on it.

According to Milnor, the unitary bordism ring QU is isomorphic to the
polynomial ring Z[x1, 2, ...]. An easy computation shows that one can take
a basis sequence {1, s, ...} which satisfies the condition

) 0 forn+#2
sng(xn):{ 1 forniQ
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If such a basis sequence {z, s, ...} has been fixed, Hirzebruch homology is
by definition the homology theory hh.(—) obtained as the unitary bordism
with Baas-Sullivan singularities {x,, }n2o.

This construction provides only a transformation

/(=) — hha(-),

while, in order to define Hirzebruch fundamental classes for smooth oriented
manifolds, one needs a factorization over Q59 (—) as illustrated in the follow-
ing diagram:

/(=) — hhi(-)
Vs

\l/ e ’ ’
Q7°(-)
Now, there is no obvious way to find such a dashed transformation, and so it
only remains to try to modify the construction of hh,(—). The general idea

is to construct a homology theory hhl(—) with hh(pt) ~ Z[t] for which the
two diagrams

Q/ (=) — hh(-)

Q70(=) — hh.(-)

and

— hh! (pt)

N

commute. By the comparison theorem, the transformation hh,(—) — hh.(—)
is an isomorphism with inverse hh!(—) — hh.(—), and then the composition

Q0(=) —— hh (=) —— hh.(-)

yields the desired factorization.
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In order to define the theory hh!(—), one could think of mimic the con-
struction of hh,(—) replacing QU (—) with Q3°(—). Actually, the situation is
now more complicated and in fact, since the coefficients of Q59(—) contain
elements of 2-torsion, the Baas-Sullivan construction fails (or, to be more
precise, there is no more control on the coefficients). Kreck has solved the
problem proposing a modified Baas-Sullivan construction in which objects
with singularities can be resolved too, and could therewith show the exis-
tence of hh! (—).

This thesis has the twofold purpose of presenting a natural, geometric
construction of Hirzebruch homology, and at the same time of extending
the definition of Hirzebruch fundamental class to closed oriented topological
manifolds.

The starting point of our construction is a general method to define new
homology theories, recently introduced by Kreck, which consists of consider-
ing certain classes of topological spaces called stratifolds, and then to pass
to their bordism.

Since we want to define fundamental classes for topological manifolds,
it is convenient to start with the class of topological stratifolds. The bor-
dism of topological stratifolds without any further assumptions is the zero
theory. Thus, to get the right coefficients, we have to restrict our attention
to stratifolds admitting some additional structure. The main ingredient is
now provided by the theory of self-dual complexes of sheaves: this notion has
been introduced and developed by Markus Banagl with the aim of extending
the signature to pseudomanifolds with odd codimensional strata, but it is
easy to adapt it to topological stratifolds.

Using Banagl’s theory we define an H-stratifold as a topological strati-
fold S together with an H-structure, i.e. a triple (o, A®,v), where o0 is an
orientation of the top stratum of S, A*® is a self-dual complex of sheaves over
S, and v is a normalization of A®. We denote by Hh,(—) the bordism theory
of H-stratifolds.

Our main result is the

Theorem. Hh,(—) is a homology theory for which:
1. Hh,(pt) ~ Z][t]
2. there exist two natural transformations

QIO7 (=) — Hhi(=) and hb.(=) — Hhb.(-)
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such that the diagrams

/(=) —— hha(-)

QTOP (=) — Hh(-)

and

— Hh,(

NS

This theorem allows to achieve the two goals set above. First of all the
natural transformation hh,(—) — Hh,(—) is by the comparison theorem an
isomorphism of homology theories and therefore it makes sense to consider
the bordism theory of H-stratifolds as a new geometric construction of Hirze-
bruch homology. On the other hand the problem of defining Hirzebruch fun-
damental classes can be solved using the transformation QU (—) — Hh,(—).

commute.

The theorem above has another interesting consequence:
Corollary. The Hirzebruch fundamental class is a topological invariant.

As observed above, the rational Hirzebruch fundamental class contains
the same information as the L-class and therefore as the rational Pontrja-
gin classes. As integral classes there is however an essential difference: in
contrast to the Hirzebruch class the Pontrjagin classes are only defined for
smooth manifolds and are not topological invariant. It would be interesting
to understand wether the Hirzebruch class really carries more information
than the rational Pontrjagin classes do.
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Chapter 1

Stratifolds

In this chapter we present the definition of topological stratifolds and explain
some of their properties. This notion has been firstly introduced by Matthias
Kreck in 1998. Through a series of modifications, the term “stratifold” has in
the meanwhile come to indicate a different class of spaces, while the original
objects are now called p-stratifolds. In this thesis, however, we adopt the
original terminology.

1.1 c-Manifolds

This section is devoted to the definition of topological c-manifolds (collared
manifolds). In contrast to the case of smooth manifolds, the role played by
the choice of a collar for a topological manifold is not so relevant; however,
it is convenient to speak of topological c-manifolds in order to underline the
analogy between topological and smooth stratifolds.

Except where otherwise indicated, by a manifold we will always mean a
metrizable topological manifold without boundary.

Let (W, 0W) be a pair of spaces with OW closed in W, and denote by W
the open set W — oW. If § : OW — (0,+00) is a continuous function, then
we introduce the following notation:

(OW x [0, 4+00))<0 := {(z,t) € OW x [0, +00)|t < &(z)}

(OW x [0, 400))=0 := {(z,t) € OW x [0, +00)|t < §(x)}

(OW x (0, +00))<? := {(x,t) € OW x (0, +00)|t < d(z)}
Definition 1.1. A collar is a homeomorphism ¢ : V. — U where V' is an

open neighborhood of OW x {0} of the form (OW x [0, 4+00))<® and U is an
open neighborhood of OW in W, so that for any x € OW it is ¢(x,0) = x

1
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Collars are used in differential topology to glue smooth manifolds along
their boundary and it is known that the only relevant data of a collar is
its behavior in proximity of the boundary. For this reason we say that two
collars ¢ : V- — U and ¢ : V! — U’ are equivalent if there is an open
neighborhood V" of OW x {0} with V" € V' N'V" and such that ¢|y» = ¢|y».
The equivalence class of a collar ¢ : V' — U is called germ of collars and
will be denoted by [c¢: V — U]J.

If OW is compact then every collar is equivalent to one of the form c :
oW x [0,+¢) = U.

Definition 1.2. An n-dimensional c-manifold is a pair (W, 0W) where
- W s a metrizable space;
- W and OW are manifolds of dimension respectively n and n — 1

together with a germ of collars [c : V' — U]. The manifold OW is called the
boundary of W.

If ¢: V — U is a representative of the germ of collars of a c-manifold W,
then we denote by 7 the composition

¢! T

U —V — OW.

As one can expect, when speaking of maps of c-manifolds, it is natural to
restrict the attention to those maps which are compatible with the collars.
This compatibility condition leads to the following

Definition 1.3. Let W be a c-manifold and M a manifold. A continuous
map
fW——»M

is called a c-map if there is a representative of the germ of collarsc :' V. — U
such that for all x € U it holds

c-Maps have the following property.

Lemma 1.4. Let f : W — M be a continuous map from a c-manifold to a
manifold and suppose that there is a closed set A and an open neighborhood
U of A so that f|y is a c-map. Then f is homotopic relative OW U A to a
c-map.
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Another fundamental point which we have to explain is when two c-
manifolds have to be considered equivalent.

Definition 1.5. Let W; and Wy be two c-manifolds. A homeomorphism
f : W1 — W2

s called an 1tsomorphism of c-manifolds if there are representatives of
the germs of collars ¢ : Vi — Uy and ¢y : Vo — Us such that for all (z,t) € V;
with f(ci(z,t)) € Uy it holds

fla(z,t)) = ea(f(2),1).

If W is a c-manifold and M is any manifold, then it is easily seen that
the product W x M is a c-manifold with boundary 0W x M.

Now, let W; and W5 be two c-manifolds. As known from differential
topology, the product W; x W, is a manifold with corners and there is a
procedure to smoothen the corners and therewith to obtain a c-manifold.
The same argument can be used to prove the following lemma.

Lemma 1.6. The product Wy x Wy is a c-manifold with boundary
8(W1 X WQ) = (8W1 X WQ) U (W1 X 8W2)
The last property which we want to mention is the following

Lemma 1.7. Let .#° denote the class of all c-manifolds. There exists a small
subclass M§ C M so that every c-manifold is isomorphic to an element of

M.

1.2 Stratifolds

In this section we give a brief introduction to the theory of the topological
stratifolds. The reader is referred to [Krl] and [Kr2] for proofs and details.

Let X be a topological space. A k-dimensional strat of X is a pair (W, f)
where W is a k-dimensional c-manifold, and f is a proper continuous map
from W to X such that f|;; : W — f(W) is a homeomorphism.

The easiest non-trivial example of strat is provided by the cone over a
compact manifold. Recall that if X is a topological space, then the (open)
cone over X is the quotient

X x[0,1)
C’X_m.

and that the point corresponding to X x {0} is called the vertex of the cone.
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Example. If M is an n-dimensional closed manifold, then the projection
M x[0,1) —— CM
is an (n + 1)-dimensional strat of C'M.
Using the notion of a strat, one can give the following

Definition 1.8. An n-dimensional stratifold is a pair (X, ) where X is
a topological space X, and & is a sequence of strats {W;, fi}i<, which satisfy
the following conditions:

- Llft(Wz) =X
- filowy) € U f;(W5)

i<i-1

- a subset U C X is open if and only if for all i the set f7'(U) is open
The sequence &2 = {W;, f;} is called the parametrization of X, and the
restrictions f;|aw, are called the attaching maps of X.

For simplicity a stratifold (X, &?) will be generally denoted just by X.

If X is a stratifold, then the subspaces
k
SHX) = AW) X and X o= Sp(X) - S (X)
i=0

are called respectively the k-th skeleton and the k-th stratum of X.
A stratifold is said to be purely n-dimensional if X, is dense in X, and
it is called Z/2-orientable if X, ; is empty.

Remark. If X is a purely n-dimensional stratifold, then the cohomological
dimension of X equals n.

The k-th stratum of a stratifold X is by construction homeomorphic to
the interior of Wy, and it is therefore an (eventually empty) k-dimensional
manifold.

Definition 1.9. An n-dimensional stratifold X is called orientable if it is
Z/2-orientable and if the top stratum X, is orientable. An orientation of
X is by definition an orientation of X,,.
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A standard argument shows that the collars of the manifolds W; define,
for any k, a canonical germ of retractions

T Ve —— X,
where V} is an open neighborhood of X} in X.

We now want to take a look to some constructions which play an impor-
tant role in the theory of the stratifolds.

Example. Let X and X' be two stratifolds with parametrizations respec-
tively & = {W,, f;} and &' = {W]/, f!}.

1. Any open subset U C X is a stratifold with the parametrization 2|y :=
{fiil(U)v fZ|Wz(U)}

2. It X is compact, then the cone C’:X over X is a stratifold with the
parametrization Z(CX) := {W;(CX), f;(CX)}, where

vy ) Apt} fori=0
WZ(CX)_{I/Vi_lx[O,—H) for1<i<n+1

and the maps are given by

o € fort: =0
fi(CX)_{ (ficy xidyUe for1<i<n+1

Here ¢ indicates the constant map.

3. For any manifold M, the product X x M is a stratifold with the
parametrization 2(X x M) := {W; x M, f; x id}.

4. The product X x X' is a stratifold with the parametrization

Q(XXX’)::{ || Woxws, || faxf,;}.

a+b=1 a+b=1

Of course, it is of fundamental importance to explain the notion of iso-
morphism of stratifolds. Let X and X’ be two n-dimensional stratifolds with
stratifications respectively &2 = {W;, f;} and &' = {W/, f!}.
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Definition 1.10. An isomorphism from X to X' is a homeomorphism
p: X — X'

together with a sequence of isomorphisms of c-manifolds p; : W; — W/ which
make the following diagram commutative for every i:

Xx— % vy

fi gi
Wi(X) —2s Wy(Y)

Now, let X be a topological space and let {U;]i € J} be a family of open
subsets of X with the property that every U; is a stratifold with parametriza-
tion P;. Furthermore assume that there are isomorphisms of stratifolds

’I,/}ji . (Uz N Uj, gzl Uint) ;) (Ul N Uj, ﬁj

vin; )
which satisfy
Vi = 1d, Yij 0y = 1Id, ij 0 i o g = Id.
Gluing together the strata of the stratifolds U;, one proves the following

Lemma 1.11. There is up to isomorphism a unique parametrization &2 of
X together with a family of isomorphisms

G; : (Uz', 4 Ui) i) (Uz', ﬁz)

so that for any i, 7 the diagram
Ui N Uj, Zlvinw;)

i

UiﬁU]‘

(U; N Uj, 321'|UmUj) -5 (Ui N Uj, gZJ’|UiﬂUJ‘)'

commutes

The class Z of the stratifolds can be turned into a category taking the
isomorphisms as morphisms. Moreover an easy consequence of Lemma 1.7 is
the following
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Lemma 1.12. There is a small subclass #y C & so that every stratifold is
isomorphic to an object in K.

Now we want to explain the notion of morphism from a stratifold to a
manifold.

Definition 1.13. Let X be a stratifold and M a manifold. A morphism is
a map g : X — M with the property that the composition

gofi: Wi— M
is a c-map for all i < n.

Applying Lemma 1.4, one can easily show that every continuous map
X — M is homotopic to a morphism. Another interesting property of mor-
phisms is given by the following

Lemma 1.14. Let A and B be two closed disjoint subspaces of a stratifold X .
Then there ezists a morphism p: X — R with p(A) = +1 and p(B) = —1.

Let us fix a stratifold F' and denote by Aut(F) the group of all isomor-
phisms F' — F. A morphism f : X — M is called a stratifold bundle if
there is a stratifold F' so that (X, f, M) is a locally trivial bundle with fibre
F and structure group Aut(F) (see [St]).

As a consequence of Lemma 1.11 we get the following result.

Corollary 1.15. Let F be a stratifold. If (X, f, M) is a locally trivial bundle
with fibre F' and group Aut(F), then X admits the structure of a stratifold
so that f : X — M 1is a stratifold bundle.

The notion of stratifold bundle allows to distinguish an important class
of stratifolds.

Definition 1.16. A stratifold X is called locally trivial if, for each k,
there is a representative my, @ Vi, — Xy of the germ of retractions which is a
stratifold bundle.

In particular:

Definition 1.17. A stratifold X is said to be locally conelike if X is
locally trivial and if, for any x € Xy, the fibre of T, over x s the cone on
some compact stratifold.
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Following the approach used in the first section, we introduce now the
definition of stratifolds with boundary or, more correctly, of c-stratifolds.

~ Let (X,0X) be a pair of spaces with 9X closed in X, and suppose that
X and 0X are stratifolds.

Definition 1.18. A collar is a homeomorphism
c:V——U

where V' is an open neighborhood of 0X x {0} in 0X x [0,400) of the form
(0X % [0,400))<% and U is an open neighborhood of 0X in X, with the
following two properties:

- for any x € 0X, it is ¢(z,0) =z
S if V=V (0W x (0,1), and U := U N X, then the restriction
cly V—U
15 an isomorphism of stratifolds.

Definition 1.19. An n-dimensional c-stratifold is a pair (X,0X), where
X =X — 0X as well as 0X are stratifolds of dimension respectively n and
n — 1, together with a germ of collars [c: V — U].

As in the case of the c-manifolds, we only consider maps of c-stratifolds
which are compatible with the collars. Let X be a c-stratifold and M be any
manifold.

Definition 1.20. A map
f:X—M

is called a e-morphism if flox and f|y are morphisms, and furthermore
there is a representative of the germ of collars ¢ : V — U such that

fle(w,t)) = f(x)
for all (x,t) € V.

Next, we want to explain how to glue two stratifolds along the boundary.
Let (X,0X) and (X', 0X") be two c-stratifolds and assume that there exists
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an isomorphism ¢ : 9X = 9X'. If § and ¢’ are two distance functions on
0X and 0X' respectively, then we set

(OX x R)7O<Y .= {(z,t) € 0X x R| — §(x) < t < 0'(¢(x))}.

Now, let ¢ : (OX x [0,00))° — U and ¢ : (90X’ x [0,00))? be two representa-
tives of the germ of collars of X and X' respectively. If ~ is the equivalence
relation on

X U(0X x Ry <+ y X'

obtained identifying the points
c(xz,t)  t<0
(z,7) ~ { c(x,—t) t<0

then the quotient space X Uy X' is naturally decomposed in the union of the
two open sets A and B which correspond to X LI X’ and to (0X x R) <7,
Let &4 and Yp denote the parametrizations of A and B. The collars induce
an isomorphism of stratifolds

(AN B, Zalans) — (AN B, Zg|ans)

and, applying Lemma 1.11, we get a canonical parametrization &2 on X Uy X".

We conclude this section comparing the definition of stratifold with that
of topological pseudomanifold. The notion of pseudomanifold has proved
to be quite useful as a model of a manifold with singularities, but it does
not seem to be suitable to the construction of new homology theories as
bordism theories, and for this reason we will instead work in the category of
stratifolds.

Definition 1.21. A pseudomansifold of dimension n is a paracompact
Hausdorff space X which admits a filtration by closed subsets

X=X,D0Y 1D, 2D..D% DX

such that for each point p € X; = ¥; — X;_1 there exists a distinguished
neighborhood N of p in X, a compact space L with a n — i — 1 dimensional
stratification,

L:Ln_i_lD...DLlDLojL_lzw

and a homeomorphism . )
R xCL—N
which takes each R® x COLJ- homeomorphically to N M ¥, 4.

The following lemma is an immediate consequence of the definitions.

Lemma 1.22. Fvery locally conelike stratifold is a pseudomanifold.
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1.3 Transversality

In this section we show how to extend the transversality theorem to the class
of locally conelike topological stratifolds.

Transversality for manifolds

We begin by recalling the notion of a bicollar. Let (M, N) be a pair of spaces
with N closed in M. If §; : N — (—00,0) and d2 : N — (0,400) are two
continuous functions, then we set

TN X R)® = {(2,5) € N x R| 61 (2) < 5 < &5(2)}.

Definition 1.23. A bicollar of N is a homeomorphism ¢ : V. — U where
V is an open neighborhood of N x {0} of the form <(N x R)<% and U is
an open neighborhood of N in M, so that for any x € N it is ¢(x,0) = x.

Two bicollars ¢ : V. — U and ¢’ : V' :— U’ are called equivalent if
there is an open neighborhood V" of N x {0} with V" C V' NnV" and so that
|y = ¢'|yn. The equivalence class of a bicollar is called germ of bicollars.
As usual, if N is compact, then every bicollar is equivalent to one of the form
@ : N X (—¢,+¢) = U.

Now, let M be a topological manifold and consider a continuous function
p: M — R
Definition 1.24. A real number t € R is called a regular value of p, if

- N := p7'(t) is an (n — 1)-dimensional manifold together with a germ
of bicollars [¢];

- there exists a representant ¢ : V. — U of the germ of bicollars so that
it results

plo(z,s)) = s+t
for all (z,t) € V.

Equivalently, we will also say that p is transversal at t.

Using a very indirect and sophisticated argument based on surgery theory
(see [KiSi], [Ma] and [Quin]), one can prove the following
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Theorem 1.25 (The transversality theorem). Let A be a closed subset
of M and suppose that there is an open neighborhood O of A such that 0 is
a reqular value of plo. Then there exists a homotopy

H:Mx[0,1]] ——R
of H(—,0) = p so that
- H(z,s) = p(z) for x € A and for all s € [0,1];
- 0 is a regular value of H(—,1).

Next, we want to extend the transversality theorem to the class of c-
manifolds.

Let
pW—R

be a continuous c-function from an n-dimensional c-manifold to R.

Definition 1.26. A real number t € R is a regular value of p, if t is a
reqular value of plaw and of ply; .

If ¢ is a regular value of p, then Z := p~!(t) is a bicollared c-submanifold
of W with boundary 07 := oW N Z.

Remark. Observe that, even though p has been assumed to be a c-function,
the transversality of ply; at a point ¢ does not imply automatically that of
plaw. A counterexample is provided by the map

R x[0,1) — Y xRx[0,1) 2R

where Y is the non-manifold constructed in [Bi].

Next, we need the following

Lemma 1.27. Let K C W be a closed set and let L C OW be another closed
set so that K NOW C L (where L denotes the interior of L). Then there is
a representative of the germ of collars ¢ : V — U so that it holds

re KNU = n(x)€L.
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Proof. It ¢ : V! — U’ is any representative of the germ of collars, then
there is by definition a continuous function ¢’ : OW — (0, +00) such that
V' = (OW x [0, +00))<?".

Since the projection 7 is a closed map and A is closed, the number

m(z) := min{t|(x,t) € A}

is defined and for z € (AW — L) N A it holds m(z) > 0. )
For this reason, we can define a function § over the closed set KU(OW —L)
setting
§'(x) ifre K
o) = { min{™% §(z)} ifx €W — L

(
2

By Tietze’s extension theorem, ¢ can be extended to a continuous function
OW — (0,+00), which we denote again by ¢. Using this new function, we
set

Vo= (OW x [0, +00))<?

c:=Cly

U:=¢(V)

The new collar ¢ : V' — U is by construction equivalent to ¢'.
Finally observe that, if 7(z) € OW — L for some x € U, then it must be
d(m(x)) < min{t|(z,t) € A} and so x ¢ A. |

The transversality theorem has now the following consequence.
Corollary 1.28 (Transversality for c-manifolds). Let
p:W——R

be a c-function. Furthermore assume that there is a closed c-set A C W and
an open neighborhood O of A such that 0 is a regular value of p|lo. Then
there exists a homotopy

H:Wx[0,1]——R
of H(—,0) = p so that:
- H(z,s) = p(z) for all z € A and all s € [0,1];
- the map H(—,s) is a c-function for all s € [0,1];
- 0 is a reqular value for H(—,1).

Proof. Let us choose a representative of the germ of collars ¢ : V' — U such
that p(z) = p(7(z)) for all z € U. Since W and OW are normal spaces, there
exist two closed sets K C W and L C OW so that
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By assumption, 0 is a regular value of p|onsw, and so, by Theorem 1.25,
there is a homotopy
h:oW x[0,1]] —— R
of h(—,0) = plsw such that

- h(x,s) = p(z) for all x € L;
- 0 is a regular value of h(—,1).

Now, using Lemma 1.27, we can find a representative of the germ of
collars so that
re KNU = 7(z)€eL

Composing with the projection 7 : U — 0W, we get a homotopy A’

id h
Ux 0,1 2% ow % [0,1] —— > R

with the property that

h(z,5) = h(m(z)) = p(r(x)) = p(z).

for each z € KNU.
On the closed subspace B := K U ¢((OW x [0, +00))<%2) C W we define
a homotopy A" setting:

" | plx) ifre K
Wi, s) = { h'(z,s) else

The c-manifold W is a metrizable space and so it is in particular binormal
(recall that a space X is called binormal if the product X x [0, 1] is a normal

space). According to Borsuk’s homotopy extension theorem (see [Sp]), there
is an extension

B x {0} — B x [0,1]
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and the function p' := H'(—, 1) has the following properties:
- p' is a c-function;
- p(x) = p(x) for all z € B;
- 0 is a regular value of p/| 5.

By construction BN is an open neighborhood of ¢((OW x (0, 4+00))<*/3)U
(AN W) and so, applying the transversality theorem 1.25 to H'(—, 1), we get
a homotopy

H":W x[0,1]] ——R

of p|;;; which fixes (A U (W X [0, +00))<"3) N W and such that 0 is a
regular value of H"(—,1). The map H" extends uniquely to a homotopy
H" : W x [0,1] — R with the property that H"(—, s) is a c-function for all
s, and finally we define H as the composition of H' with H". [

Transversality for stratifolds

Now let us pass to the category of stratifolds.

Definition 1.29. Let p : X — R be a morphism from an n-dimensional
stratifold X to R. A number t € R is called a regular value of p, if

- Y = pL(t) is an (n — 1)-dimensional stratifold together with a germ
of bicollars [¢];

- there is a representative of the germ of bicollars ¢ : V — U with

plo(z,s)) = s+t
for all (x,s) € V.

Again, if the conditions above are satisfied, we will say that p is transversal
at t.

Observe that if X is a purely n-dimensional oriented stratifold, then the
preimage of a regular value is automatically purely (n — 1)-dimensional and
oriented.

The proof of a general transversality theorem for stratifolds seems to be
extremely complicated, and for this reason we will restrict our attention to
the subclass of locally trivial stratifolds. A fundamental role is therefore
played by the
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Lemma 1.30. Let m : X — M be a stratifold bundle and consider a contin-
uous function p: M — R. If p is transversal at zero then the map defined by
the composition p o 7 is also transversal at zero.

Proof. By definition, the set N := p~1(0) is a bicollared submanifold of M,
i.e. there is a homeomorphism ¢ : V' — U where V' is an open neighborhood
of N x {0} in N x R and U is an open neighborhood of N in M. Now, the
set F :=n~'(N) is the total space of the bundle

g E—— N

and therefore, by Corollary 1.15, F' is a stratifold. Since U is homeomorphic
to a space of the form 7' <(IV x R)<%2, we get a bundle isomorphism

"B xR)<® — 17 (V)

7T|E x Id 7T|7r*1(U)
{ {
U e U
which defines a bicollar of £ in X. [ |

The transversality theorem for stratifolds can be now stated as follows.
Proposition 1.31. Let X be a locally trivial stratifold and let
p: X — R

be a morphism. Moreover assume that there is a closed set A and an open
neighborhood O of A so that 0 is a reqular value of p|lo. Then there exists a
homotopy

H:Xx[0,]] ——R

of H(—,0) = p with the following properties:
- H(x,s) = p(x) for all x € A;
- H(—,1) is a morphism;
- 01is a regular value of H(—,1).

Proof. For simplicity we suppose A = (). As explained in the previous section,
the assumption that X is locally trivial means that, for any i, there is a
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representative of the germ of projections 7; : V; — X; which is a stratifold-
bundle. The homotopy H will be constructed inductively as the composition
of a sequence of homotopies

Hy: X x[0,1] —— R
for which it holds:
- Hy(z,0) = p(z) and Hyyq(x,0) = Hi(z,1) for every z € X
- Hy(—,1) is a morphism of stratifolds for any k;

- there is an open neighborhood Uy of ¥; in X, such that 0 is a regular
value of Hy(—,1)|v,-

The stratifold g is just a discrete set and thus there is a homotopy
h: Xy x [0,1]——>R

so that 0 is not hit by h(—,1). Let Z, and Uy be two open neighborhoods of
Xo with Uy C Zy C Zy C V. The composition

7TOXIC1 h
Vox[0,1] —— Xy x[0,1]] —— R

defines a homotopy whose restriction on Z; can be extended to a homotopy
of p
k:X x[0,1] —— R

The map k(—, 1) is homotopic relative Uy to a morphism, and if [ is such a
homotopy, then we define Hy as the composition of £ and [.

Now, suppose to have already defined Hy and let us construct Hy,. If
(W, f) is the (k+ 1)-dimensional strat of X and if we set & := Hi(—, 1), then
it follows from the inductive assumptions that the function £o f is transversal
at 0 on f~H(Uy) N w. Applying the transversality theorem for manifolds we
get a homotopy

h:Wx[0,1] ——R

of £ o f which fixes a smaller open neighborhood of the boundary and so that
h(—,1)|} is transversal at 0. Let Z;.; be an open neighborhood of Xj4
with Z; 1 C Viy1 and let By, be an open neighborhood of ¥, with By, C U,
The composition

Tre1 X 1d f I x1Id

: h
Virr % [0,1] Xy % [0,1] 25 W < 0,1] —— R
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defines a homotopy which we denote by A'.
By Borsuk’s homotopy extension theorem, the homotopy

(Zk+1 U Fk) X [0, 1] > R

b (z,s) if v € Zkyy

(z,5) { () if v € By

can be extended to a homotopy of &
k:X x[0,1] ——R.

The map k(—, 1) is homotopic relative an open neighborhood Uy of ¥4, to
a morphism and we define Hj, | as the composition of k£ with the latter homo-
topy. Finally, the transversality at zero of Hyyi(—,1)|y,,, is a consequence
of Lemma 1.30. n

A procedure similar to the one used at the beginning of this section to
extend the transversality theorem from manifolds to c-manifolds can be used
to obtain the transversality theorem in its most general form.

Proposition 1.32 (Transversality for c-stratifolds). Let
p: X —R

be a c-morphism and consider a closed set A C X. Suppose that there is an
open neighborhood O of A so that 0 is a regular value of plo. Then there
exists a homotopy

H:Xx[0,1] ——R

of H(—,0) = p so that
- the function H(—,s) is a c-map for all s € [0,1];
- H(z,s) = p(x), for all x € A;

- 0 is a reqular value of H(—,1).
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Chapter 2

Sheaf theory

The aim of this chapter is to recall some elements of sheaf theory and to
introduce some notation. The reader is referred to any standard book on
sheaf theory for proofs and details (see for example [KaSc]).

2.1 Sheaves and presheaves

Let X be a locally compact space.

Definition 2.1. A sheaf over X is a pair (A, ) where

1. A s a topological space
2. m: A — X 1s a local homeomorphism

3. the stalk of A at x, (i.e. the set A, :== 7' (x)) is a real vector space
foranyr e X

4. if A® A is the subset {(a,b) € A x A|n(a) = 7(b)} with the induced
topology, then the maps

APA—A

(a,b) ——— (a — b)

and, for k € R,
A— A

a——k-a
are continuous.

19
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For simplicity we denote a sheaf (A, ) by A.

For any subset U of X, we indicate by I'(U, A) the vector space of the
continuous sections of (A, ).

Given two sheaves A and B over X, a morphism A — B is a continuous
map which commutes with the projections and which is R-linear on the stalks.
We denote by Sh(X) the category of the sheaves over X. The set Hom(A, B)
of all morphisms from A to B is in natural way a vector space.

Definition 2.2. A presheaf over X is a contravariant functor
A :U(X) — {R — Vector Spaces}

where U(X) is the category whose objects are the open subsets of X and with
the inclusions as morphisms.

The class of all presheaves over X form a category which we denote by
Pr(X). The functor

Sh(X) ——— Pr(X)

A———{U—T(UA)}

has a left adjoint functor Pr(X) — Sh(X), which is called sheafification.
Let a : A — B be a morphism of sheaves. The sheafifications of the

presheaves
U +—— Ker(I'(U, A) 2% T'(U, B))

and
Ur—— Im(T'(U,A) 2% T'(U, B))

are called respectively kernel and image of «.
If Y is another space and f is a continuous map
f: X—Y

then the direct-image of A € Sh(X) under f is by definition the sheaf
A € Sh(Y') associated to the presheaf

Ur——T(f'(U),A).

The direct-image with proper support of A under f is the sheaf fiA
obtained sheafifying the presheaf

Ur——{s € T(f7(U), A)|f|supp(s) : supp(s) — U is proper}.
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The category of sheaves admits also a contravariant construction. Let B be
a sheaf over Y; the sheaf f*B € Sh(X) defined by the pull-back diagram

B—— B

]

f

X———Y

is called inverse-image of B under f. In particular, if f is the inclusion of
a subset U C X, then the sheaf f*B is also called the restriction of A and is
denoted by By .

A sheaf A is called locally constant if every point € X has a neigh-
borhood U such that A|y is isomorphic to the constant sheaf with stalk
A,

All constructions presented here are functorial, and therefore one can
associate to a map f three functors

fo: Sh(X) —> Sh(Y),
fit Sh(X) — Sh(Y),
£ Sh(Y) —> Sh(X).

Two other fundamental constructions in sheaf theory are the tensor prod-
uct and the Hom functor. If A and B are two sheaves over X, then A ® B
and Hom(A, B) are the sheaves obtained sheafifying

Ur——T(U,A)®T(U,B)

and
Ur— HOD’I(A|U, B|U)

respectively. In particular, for the tensor product of sheaves it holds
(A®B), ~ A, ®B,

for all z € X.
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2.2 Complexes of sheaves

Definition 2.3. A complex of sheaves over X is a sequence of sheaves
and morphisms of sheaves

. dn il dn+1
s A s A —_— ...

with the property that d"** o d™ =0 for eachn € Z. A complex (A", d") will
be normally indicated by A®.

A complex A* is called bounded, if there exist two integers p and ¢ such
that A" =0, forn < porn > q.

We denote by C®(X) the category of bounded complexes of sheaves over
X; as usual in homological algebra, a morphism between two complexes is
a sequence of morphisms of sheaves which commutes with the coboundary
operators.

A sheaf A will be generally identified with the complex concentrated in
degree 0.

Definition 2.4. The n-th cohomology sheaf of a complex A® is the sheaf
Ker d”
H"(A*)= ——
(A%) Im d»—!
associated to the presheaf

U H*(I(U, A%)).

A complex of sheaves is said to be cohomologically locally constant
if the associated cohomology sheaves are locally constant.

By construction, any morphism of complexes induces a sheaf-morphism
in cohomology, and in particular a morphism of complexes is called a quasi-
isomorphism if it induces isomorphisms in cohomology.

The functors f,, fi and f* associated to a continuous map f : X — Y can
be extended to functors of complexes of sheaves. For simplicity we use the
same notation to indicate a functor on the level of sheaves and its extension
to the complexes of sheaves. This construction produces thus three functors.

fo: C°(X) — CM(Y),
fi: C'(X) — C*(Y),

fr:OMNY) — C'(X).
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The next step is to extend the functors ® and Hom to the category of
complexes of sheaves. If A®* and B*® are two complexes of sheaves, then taking
the tensor product one gets at first a double complex A? ® BY, and one can
define an ordinary complex setting (A* ® B*)" := ,, ., A” ® B?. The
same can be done for Hom, and so we get two bifunctors

®: C"(X) x C*(X) —— C"(X),

Hom" : C*(X) x C*(X) — C*(X).

Finally we want to explain how to shift and to truncate a complex of
sheaves. Let A® be a complex of sheaves over X and fix an integer m € Z.
The shifted complex A*[m] is defined by

(A[m])" =A™

()" = (1)
The truncated complex 7, A® is by definition given by the sequence

0 forn >m
(T<mA®)" := ¢ Kerd" forn=m
A" forn>m

with coboundary operator
n_ ) 0 forn>m
(r<md)" = { d" forn <m
A sheaf I € Sh(X) is called injective if the functor
Hom(—,I) :Sh(X) — {R — Vector Spaces}

is exact. A complex I* € (C°(X) is said to be injective, if it consists of
injective sheaves.
An injective resolution of a sheaf A is a quasi-isomorphism

A—T°

where I*® is a bounded injective complex of sheaves which is concentrated in
positive degree.

If X has finite cohomological dimension, then every sheaf A € Sh(X)
admits an injective resolution: such a resolution can be obtained applying a
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constructive method (see for example [GM2], Section 1.5), and for this reason
we will call it the canonical injective resolution of A.

Now, we want to explain the analogous notions for a complex of sheaves.
Ba definition, an injective resolution of the complex A® € C?(X) is a quasi-
isomorphism A® — I°®, where I*® is a bounded injective complex.

Let A® be a complex of sheaves. If I* denotes the complex of sheaves
associated to the double complex obtained putting together the canonical
injective resolutions of the sheaves A", then the induced quasi-isomorphism
A* — I"* is called the canonical injective resolution of A®.

Applying the functor I'(X, —) to the canonical injective resolution of A®,
one gets a cochain-complex

Nx,1m°) —0nXx,1) — DX, ) —— ...

whose n-th cohomology space H" (X, A*®) is called the n-th hypercohomol-
ogy space of X with coefficients in A°.

It can be shown that the quasi-isomorphisms induce isomorphisms in
hypercohomology.

2.3 The derived category

Many results in sheaf theory require to identify complexes of sheaves which
are quasi-isomorphic. Such an identification can be realized constructing a
new category of bounded complexes of sheaves which is called the derived cat-
egory and which has the property that quasi-isomorphisms can be inverted.
The construction of the derived category consists essentially of two steps.

From C°(X) to K’(X)

Using the ordinary definition of homotopy of cochain-morphism, one intro-
duces an equivalence relation on the set of all morphisms between two ob-
jects. The homotopy category of bounded complexes K°(X) is then defined
as the category whose objects are the bounded complexes of sheaves and with
the homotopy classes of morphisms as arrows. Since homotopic morphisms
induce the same morphism in cohomology, it makes still sense to speak of
quasi-isomorphisms.

From K°(X) to D*(X)

The starting point of the second step is the fact that the class of all quasi-
isomorphisms build a multiplicative system in K°(X). Localizing K°(X) with
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respect to the quasi-isomorphisms, one gets a category D’(X) of complexes
of sheaves called the derived category. In order to describe the morphisms
in D’(X) let us consider two complexes A®,B* € D?(X) and all diagrams

(in K*(S)) of the form
C.
A* B*

where the arrow decorated by s represents the homotopy class of a quasi-

isomorphism.
Two diagrams
C.
/ \
A* B*
D.
/ \
A° B*

are equivalent if there is a commutative diagram (in K°(X))

and

C.
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A morphism from A*® to B* is defined as the equivalence class of a diagram
A* & C* — B

In particular, two complexes A® and B* are isomorphic in D?(X) if there
is a third complex C* and two quasi-isomorphisms

N

If A is any Abelian category and F is an exact functor

Derived Functors

F: Sh(X)—— A,
then there is an induced functor

DY(X) ——— D*(A)

(A", d") — (F(A"), F(d"))

where D’(A) denotes the derived category of bounded cochain-complexes in
A. For example, the functor f* associated to a map f: X — Y is exact and
extends thus to a functor

DY) —— D(X).

which we again denote by f*.

The situation is more complicated if one tries to extend functors which
are not exact (for example f, or fi). However, at least in some case, there
is still the possibility to find a sort of best approximation. If F'is left-exact,
then this approximation is given by the right-derived functor RF' which
is defined setting

RF(A®) := F(I*),

where A® — I°® is the canonical injective resolution of A°®. If A* — J*
is another injective resolution of A°®, then the identity of A*® lifts to an
isomorphism F'(I*) ~ F(J*) and so RF is up to canonical isomorphism
independent from the choice of the resolution.
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The higher derived functors R‘F are defined by

RF:D'X) — A

A*—— HY(F(I%)

Since F' was assumed to be left-exact, it follows that R'F = F.

According to Borel (see [Bor|] V,5.18), the right-derived of a functor F'
can be computed using any resolution by F'-acyclic sheaves. Recall that a
sheaf B is called F-acyclic if, for 7 > 0, it holds

R'F(B) =0.

Dually, in order to define the derived functor associated to a right-exact
functor, one has to consider projective (left)-resolutions. We do not want to
carry out this construction in details. Instead, we prefer to take a look at
the case of the tensor product, which is after all the only right-exact functor
occurring in this thesis. For a sheaf A € Sh(X), let A ® (—) denote the

right-exact functor
Sh(X) —— Sh(X)

B— A®B.
As in the case of a left-exact functor, it is enough to consider resolutions

by A ® (—)-acyclic sheaves, and we claim that every sheaf B € Sh(X) is
A ® (—)-acyclic. In fact, if
P*—B
is any projective resolution of a sheaf B, then the sequence
ApP*"— A®B

is exact too: the algebraic Kiinneth formula provides an identification

H'(A®P*), ~H"(A,®P;) ~ P H'(A), ® H'(P*), = 0.

i+j=n

On the other hand, the complex P* is quasi-isomorphic to B, and thus the
cohomology sheaf H7(P*), is zero for all j < 0. Consequently, for 7 < 0, it
results L'(A®B) = 0 and this means that B is A® (—)-acyclic. In particular
the trivial resolution

B*—B*



28 Chapter 2. Sheaf theory

L
can be used to compute A* ® (—), and so there is a canonical isomorphism

L
A*®B*~ A*®B".

Summarizing, if f : X — Y is any continuous map and A*® is a complex,
then we have the following functors:

Rfi(=): D"(X) —— D"(Y),
f(=): D"(Y) ——— D'(X),
Rfi(=) : D"(X) ——— D"(Y),
RHom"(A, ) : D"(X) — D"(X),
A*®(—): D"X) —— Db(X).

2.4 Verdier duality

The dualizing complex of a topological space X is the complex of sheaves
D% associated to the complex of presheaves C*

Ur—— CP(U) :=Cy(X,X —U;R),

where C},(X, X —U; R) denotes the space of the singular p-chains on (X, X —
U). By construction, the complex D% vanishes in degree higher than 0 and, if
we assume the space X to be locally contractible, then the cohomology of the
stalk of D}” at the point 2 can be identified with the local homology vector
space H,(X, X — x;R). Moreover, if X has finite homological dimension n,
then the cohomology sheaf H?(DY ) vanishes for p < —n, and so there is a
quasi-isomorphism

Tg—n]D);( — ]D);(

The complex 7<_, D% is clearly bounded, and consequently the isomorphism
above allows to identify the dualizing complex with a bounded complex.

Example. If M is an n-dimensional topological manifold without boundary,
then the cohomology sheaf of DY, is locally constant with stalk

R fori=—n

H' (D} ), = { 0 otherwise
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In particular the diagram

()
T<—nDy

Dj H " (Dj,)[n]

provides an isomorphism

D}, —— H "(D},)[n]

and, using the fact that there is a one-to-one correspondence between orien-
tations of M and trivializations of H (D}, ), one sees that an orientation of
M is the same as an isomorphism

D}, —— s Rn.

For a locally contractible finite-dimensional space X, the dualizing com-
plex DS, € D°(X) defines a functor

Dy : D'(X) » D*(X)

A*+—— Dx(A*) := RHom*(A*,DY)
which is called the duality functor.
Furthermore, if X is compact, then by standard homological algebra there
is an isomorphism
H (X, DA®) — Hom(H"(X,A*),R).

Theorem 2.5 (Verdier duality). For any map f : X — Y, the functor
Rf, has a right adjoint

fo DY) —— D'(X)
such that, given two complezes A* € D'(X) and B* € DP(Y), there is a
canonical isomorphism in D*(Y)
Rf.RHom"®(A®, f'B*) ~ RHom"(Rf,A* B*).

The functor f' can be used to characterize the dualizing complex: in fact,
if f is the constant map X — pt, then there is a canonical isomorphism

f!R{pt} = ]D);(v
where Ry; is the sheaf over {pt} with stalk R.
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2.5 Constructibility

Let X and Y be two pseudomanifolds. According to ([GM2], Section 1.2), a
map
FiX — 5y

is called stratified, if it has the following two properties:

- for any connected component S of a stratum Y}, the set f~1(S) is a
union of connected components of strata of X;

- for each point p € Y; there exists a neighborhood N of p in £;(Y), a
stratifold F' and an isomorphism

FxN——f'N

such that the diagram

FxN FIN

~

commutes.

Open inclusions, immersions of the form X — X x R and projections
7+ X1 X Xy — X are the most important examples of stratified maps.

A complex of sheaves A*® on a stratifold X is called constructible if, for
each j, A®*[g;(x) is cohomologically locally constant with finitely generated
stalk.

It can be shown that the dualizing complex of a stratifold is constructible.
Moreover the functors ®, Hom® and, if f is stratified, f*, f', Rf. and Rf,
preserve constructibility.

We conclude this chapter reporting a list of standard identities taken from
([GM2], Section 1.13).

Theorem 2.6. Suppose that X, Y and Z are topological pseudomanifolds
and f + X — Y is a stratified map, and moreover let A € D"(X) and
B*,C*,D* € DY) be constructible. Then there are natural isomorphisms
in D*(X) and D*(Y):

1. D% ~ D(Ry)
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A* ~D(D(A"))
RHom*(B* ® C*,E*) ~ RHom"*(B*, RHom*(C* E*))
Dy f'B* ~ f*DyB*
DyRfiA* ~ Rf.DxA*
f*(B*®C*) ~ f*B* ® f*C*
f'RHom*(B*,C*) ~ RHom"(f*B®*, f'C*)
If g: Y X Z =Y is the projection to the first factor, then
¢"RHom*(B*,C*) ~ RHom*(¢*B°*, g"C*)
If g: X =Y is the inclusion of a subset, then
X open in Y = ¢'B* ~ ¢*B*

X closed in Y = Rgi/A®* ~ Rg.B°.
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Chapter 3

H-Stratifolds

Using the notion of a self-dual complex of sheaves recently introduced by
Markus Banagl, we present in this chapter the definition of H-stratifold and
discuss some related constructions. The notion of H-stratifolds will play a
fundamental role in the construction of Hirzebruch homology theory Hh,(—).

3.1 Self-dual complexes of sheaves

In this first section we recall some definitions and facts from the theory of
the self-dual complexes of sheaves (see [Bal]).

First of all we make the following two assumptions:

e all stratifolds from now on are assumed to be locally conelike,
7/2-orientable, and purely n-dimensional.

e all complexes of sheaves from now on are assumed to be con-
structible.

Let X be an n-dimensional stratifold with k-th skeleton ¥,. For any
integer 0 < k£ < n, we indicate by U the open subset X — X, ;. and by
the inclusion U, — Up,;.

As we have seen in section 2.4, if M is a manifold, then an orientation of
M is the same as a trivialization of the dualizing complex Dj,, and we can
use this fact to reformulate the orientability of a stratifold in the language

of sheaf theory.

Definition 3.1. A stratifold X is orientable if there exists an isomorphism
(called orientation)

0 :Dj;, —— Ry, [n].

33
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A pair of the form (X,0) is called an oriented stratifold.

Let (X,0x) and (Y,0y) be two oriented stratifolds. By definition an
orientation-preserving isomorphism is an isomorphism of stratifolds which
respects the orientations on the top strata. Again it is convenient to translate
this condition in the language of sheaf theory.

Definition 3.2. An isomorphism f : X — Y s said to be orientation-
preserving if the diagram

12

Dy, (x) > (flonx) D, v

0x (floa(x)) oy
RX [n]

commutes. The top arrow of the diagram is the canonical identification

]D);JQ(X) = (f|U2(X))!]D);]2(Y) = (f|U2(X))*]D)zT2(Y)'

Remark. Any open subset U C X of an oriented stratifold (X, 0) is natu-
rally oriented. In fact, if we denote by is the open inclusion U N Uy < Us,
there is a canonical isomorphism Dy, ~ i5(D}, ) and thus a trivialization
of DYy, is given by 4)(o).

For simplicity, we will omit the orientation of a stratifold except where
necessary and, consequently, we will denote an oriented stratifold (X, o) by
X.

Using the terminology explained above, we can now introduce the defini-
tion of a self-dual complex of sheaves.

Definition 3.3. Let (X, 0) be an oriented stratifold. A constructible complex
of sheaves A® € D°(X) is said to be self-dual if it satisfies

e (SD1): Normalization: there is an isomorphism:

v A.|U2 ;> RU2 [n]
The isomorphism v is called the normalization of A®.

e (SD2): Lower bound: H(A®) =0, fori < —n.
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e (SD3): Stalk condition for the upper middle perversity 7:

H'(A®|y,,,) =0, fori>mn(k)—mn, k>2.
Recall that the upper middle perversity T is defined settingm(k) = [£51],
for k> 2.

e (SD4): Self-Duality: there is an isomorphism d : DA®[n] = A* such
that Dd[n] = (—1)"d and the diagram

S —

0|~ ~ | d|r,

D, —— DA
s W |, (1]

commautes.

The class of all self-dual complexes of sheaves on a stratifold X is actually
independent from the orientation of X. In fact, if 0 and o’ are two orientations
of X, and A* is a self-dual complex of sheaves over (X, 0), then it is enough
to modify the normalization of A® to see that A® is also a self-dual complex
of sheaves over (X, 0'). For this reason, if X is an orientable stratifold, we
denote by SD(X) the full subcategory of D?(X) whose objects are the self-
dual complexes of sheaves over X for some orientation.

One of the first properties of the self-dual complexes of sheaves is given
by the following

Lemma 3.4. Any open inclusion U — X induces a functor
i* : SD(X) — SD(U).

Proof. What we have to show is that, if A® is a self-dual complex of sheaves
over X (with normalization v and self-duality isomorphism d), then A*|; is a
self-dual complex of sheaves over U (with normalization v|y and self-duality
isomorphism d|).

Axiom (SD1) is satisfied using the isomorphism v|;. Axioms (SD2) and
(SD3) are also satisfied, since i* is an exact functor and commutes therefore
with cohomology.
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Now, since 7 is an open inclusion, there is a natural equivalence of functors
(=) ')
and therefore it holds
D(i'(—)) ~i*D(~) ~ i'D(-).

This canonical identification can be used to define d|;; as the isomorphism:

D' A%)[n] ~ i'DA*[n] 1% i A*

Finally, in order to see that d|y is a self-duality isomorphism, we observe
that it holds
D(i'd)[n] = i'(Dd[n]) = (=1)"i'(d).

and that, for this reason, the diagrams

iR f) 2t as )

i(0) i (d)
io(DY,) — 2 i3(DA |1, [n])

i5(Dv[n])

and

v
Ry, mU[n] # A.|UﬁU2
/l\

0|U d|U

DY, W DA®|unu, [n]

are commutative. |

Let E* and F* be two complexes of sheaves over X, and denote by
Hompu(xy(E®, F*) the set of all morphisms from E® to F* in D*(X) (or,
equivalently, in SD(X)).

Lemma 3.5. The restriction on the top stratum induces a monomorphism

HOI’IlDb(X) (E., F.) — HOI’IlDb(UQ)(E.|U2, F.|U2)-
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Proof. The statement follows by an iterated application of ([Bal], Lemma
2.2). m

This lemma has the interesting consequence that the self-duality isomor-
phism is, if it exists, completely determined by the orientation and by the
normalization. In fact it holds the

Lemma 3.6. Let A* be a self-dual complex of sheaves over (X,o0), with
normalization v : Al}, = Ry, [n]. Then there is a unique self-duality iso-
morphism d over A* which is compatible with v.

Proof. If d,d’ : DA*[n] = A® are two self-duality isomorphisms, then, by
Lemma 3.5, one has

d=d <+ d|U2 :d,|U27
but, on the other hand, it holds
dly, =v tooo (Dv[n)) ' =d|p,.

The last point which we want to mention, is the problem of determining
the structure of the category SD(X). This problem can be reduced to the
determination of the relation between the categories SD(Uy) and SD(Uyy1).

A partial answer is given by the following

Theorem 3.7 (Goreski-MacPherson). If k is even, then the restriction
functor

it + SD(Ups1) — SD(Uy)

15 an equivalence of categories whose inverse is given by the functor

In order to reconstruct all information contained in SD(X'), we also need
to understand the case of odd k, which has been investigated by Banagl in
the above cited work. Before we begin to present Banagl’s results we have
to explain some terminology.

Let A® be a self-dual complex of sheaves over the open set U, with k
odd and set s :=7(k) — n.
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Definition 3.8. The lifting obstruction O(A®) is the complex
O(A®) := H*(Riy, A®)[—s] € D" (Up41).

Using the lifting obstruction, one can introduce the notion of a Lagrangian
structure on a self-dual complex of sheaves.

Definition 3.9. A Lagrangian structure on A® is a morphism
6: L — O(A?)
which induces injections H*(¢) : H*(L) — H*(O(A®)) and such that some

distinguished triangle on ¢ is a null-bordism for the self-dual lifting obstruc-
tion (See [Bal], Def. 2.3).

This definition is unfortunately too long and technical to be presented
completely in this thesis and, for this reason, the reader is referred to Banagl’s
work.

An alternative approach is suggested in ([Bal], Remark 2.3). Let A*® €
SD(Uy), and denote by i and j respectively the inclusions Uy — Uy, and
Y := U1 — Up = Ugy1. Moreover set H := H*(j*Ri,A®) ~ O(A°®)]x.

By ([Bal], Lemma 2.3), the self-duality isomorphism d induces an iso-
morphism § : DO(A*)[n + 1] = O(A*®) and therefore a non-singular pairing

HoH —— Ry.

A subsheaf E C H is called Lagrangian if, for every = € ¥, the stalk E, is
a Lagrangian subspace of H,.

Lemma 3.10. The map

Lagrangian structures R Lagrangian subsheaves
of A® of H

(£,9)1 — (H*(9)(£))]s € O(A)]s

15 a bijection.

A morphism of Lagrangian structures is a commutative diagram in
D*(Ug+1)
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for some f: A®* — B°.

It follows from the functoriality of the lifting obstruction that the com-
position of morphisms of Lagrangian structures is well defined and thus that
the Lagrangian structures form a category Lag(Uy1 — Uy).

The categories SD(Uy,) and Lag(Uy.1 —Uy) can be used to construct a new
category which is called the twisted product category and which is denoted
by SD(Uy,) x Lag(Ugy1 — Uy). By definition this is the category whose objects
are the pairs

(A®,¢: L — O(A®)) € SD(Uy) x Lag(Ups1 — Us),

and whose morphisms are the pairs (f, g) with first component a morphism
f € Hompy(,)(A®, B*) and second component a commutative square

If A®is a self-dual complex of sheaves on Uy 1, then there is a constructive
way to extract from A*® a lagrangian structure on 7;A®. This procedure allows
to define a functor

A SD(Uk+1) — L&g(Uk+1 — Uk)
and Banagl’s main result can be thus formulated as follows.

Theorem 3.11 (Banagl). The functor
(ZZ,A) : SD(Uk_H) — SD(Uk) X Lag(Uk+1 — Uk)
is an equivalence of categories. The inverse of (if, ) is denoted by .

Finally, putting this result together with Goreski-MacPherson’s theorem,
one gets the following structure theorem for the category of self-dual com-
plexes of sheaves (see [Bal], Theorem 2.10).

Theorem 3.12. Let X be an n-dimensional stratifold. Then there is an
equivalence of categories

SD(X) ~ Const(U,) xLag(Uy—Usz) x...xLag(U, 2 —U, _3)xLag(U,—U, 1).
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3.2 H-Stratifolds

In this section we present the definition of H-stratifold and consider some
constructions in the category of H-stratifolds.

Let X be an n-dimensional oriented stratifold.

Definition 3.13. An H-structure S over X is a pair (A®,v) where A® is
a self-dual complex of sheaves over X and v is a normalization of A®.

If S = (A°,v) is an H-structure over X, then, by Lemma 3.6, there is
unique self-duality isomorphism d : DA*[n] = A® which is compatible with
the orientation of X and with v. Consequently, we do not need to specify d
as a part of S.

Definition 3.14. Let S§; = (A%, v1) and S; = (A3, v0) be two H-structures
over a stratifold X. An isomorphism of H-structures

p:§ — 5

s an isomorphism of complexes of sheaves ¢ : A} — A3, for which the
diagram

. olu .
A1|U2 : >‘A2|U2
X\ /

Ry,

Definition 3.15. An H-stratifold is a pair (X, S), where X is an oriented
topological stratifold and S is an H-structure over X.

commutes.

If (X,S) is an H-stratifold, then we denote by —(X,S) the H-stratifold
(—X,S) obtained reversing the orientation of X and considering S as an
H-structure over —X.

Now, let ¢ : X — Y be an orientation-preserving isomorphism of strati-
folds and let S = (A*®,v) be an H-structure on Y.

Lemma /Definition 3.16. The pair ¢*S = (¢*A®, p*v) is an H-structure
on X which is called the pull-back H -structure.
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Proof. We have to check that ¢, A* is a self-dual complex of sheaves over X.
Axiom (SD1) is satisfied with the normalization ¢*v. Axioms (SD2) and
(SD3) are satisfied since it holds respectively

and . .
Hl((QO*A.”UkH(X)) = ¢*H1(A.|Uk+1(Y))'
Finally, axiom (SD4) is satisfied using the self-duality isomorphism
D(p*A®)[n] ~ ¢ (DA°[n]) = ¢'A® ~ p*A°.
The reader is referred for the details to the proof of Lemma 3.4. [ |

The previous definition allows us to explain the notion of isomorphism of
H-stratifolds.

Definition 3.17. Let (X1,81) and (X2, 82) be two H-stratifolds with H -
structure S = (A%, v1) and Sy = (AS,12). An isomorphism of H-
stratifolds (or H-isomorphism)

2 (X1,51) — (XQ,SQ)

is a pair (1, p2), where p1 + X4 = X, is an orientation-preserving isomor-
phism of stratifolds and @, : Sy = 'S, is an isomorphism of H-structures.

An isomorphism of H-stratifolds is automatically compatible with the
self-duality isomorphisms. In fact it holds the

Lemma 3.18. For any isomorphism of H -stratifold

Y= (3017902) : (Xla (Azayl)) E) (XQa (Aaal/?))v

the diagram

. IDSO n XA ® * .
pasin] 22 o asin] ~ DAY
dy |~ ~ | pidy
At = A
©2

commutes.
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Proof. According to Lemma 3.5 it holds:
di = gy opidso(Dpa[n]) ™ = dilv, = 3 |v,091de|v, 0 (Dipa[n]le,) ™"
On the other hand, one has by definition 11 = @5 0 ps|y,, and thus it holds

d1|U2 = U;l 0010 D(yfl)[n]
= 05|, 0 pivy 00y 0 (PiDYy ! o Dy, [n)]
= ¢ v, 09} (v3 ! 002 0 Dry ' [n]) 0 D3|y, 1]

= ¢;1|U2 ° pr{d2|U2 o (D¢2[n]U2)71
[ |

The class % of all H-stratifolds can be turned into a category with the
H-isomorphisms as morphisms.

- For any object (X, S) there is an H-isomorphism 1(ys) := (1x, 1as).

- Given (gOl, (p2) : (Xl,Sl) — (XQ,SQ) and ((pll, ()0/2) : (XQ,SQ) — (X3,83),
the compasition is defined setting (], ¢5)0 (1, #2) /= (9,001, D1(2h)o
©2)

Finally, we want to explain how to realize an oriented manifold as an
H-stratifold.

Let M be an oriented n-dimensional topological manifold. The trivial
sheaf Ry [n] is a self-dual complex of sheaves with the identity as normaliza-
tion and with the self-duality isomorphism

DRy [n])[n] =~ DRy ~ DS, = Rys[n].

In other words, if .# denotes the category of oriented topological mani-
folds with the oriented isomorphisms as morphisms, there is a natural inclu-

sion of categories
M—m—C

M +—— (M, (Rys[n], 1d)).

3.3 Some properties of H-stratifolds

In this section we present some constructions which will play a fundamental
role in the construction of Hirzebruch homology.
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3.3.1 Restriction of H-structures

The first construction which we want to consider is the restriction of an
H-structure to an open subset.

Let S = (A°®,v) be an H-structure over a stratifold X and let U be an
open subset of X. As we have seen in Lemma 3.4, the complex of sheaves
A*|y € D*(U) is a self-dual complex of sheaves with normalization v|y. For
this reason we can formulate the following

Definition 3.19. The H-structure S|y = (A®|y,v|v) is called the restric-
tion of S to U.

Open subsets of an H-stratifold will be always considered as H-stratifolds
with the induced H-structure.

3.3.2 Disjoint union of H-stratifolds

Now we want to consider the disjoint union (or topological sum) of two H-
stratifolds.

Definition 3.20. The disjoint union of two H-stratifolds (X1,S1) and
(X2, Ss) is the H-stratifold

(X1 + X2, 81+ S))

where
81 + 82 = (AI + A;, v + UQ).

By Al + AJ we mean here the complex whose n-th sheaf is the disjoint
union AT + AZ. Recall that if, for ¢+ = 1,2, X; is a topological space and A;
is a sheaf over X; with projection m; : A; — X;, then the topological sum
A+ A, is a sheaf with the projection m + m5 : Ay + Ay — X7 + Xo.

3.3.3 Product structures

This section is devoted to the definition of the product of an H-stratifold
with an oriented manifold. In the second part we will consider the relates

problem of determining all H-structures on a bicollared substratifold of an
H-stratifold.

Let X be an n-dimensional stratifold, M an m-dimensional oriented man-
ifold and denote by m; and p; the projections:

M :XXM-—X, m: XXM-—M
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and
pIZUQXM—>U2, ngUQXM—>M.

Lemma/Definition 3.21. If S = (A*,v)) is an H-structure over X, then
the pair
mS = (mA*, pv)

is an H-structure over X x M. The H-stratifold (X x M, 7\S) will be called
the product of (X,S) with M.

Proof. According to ([KaSc|, Prop. 3.3.2), there are natural isomorphisms
of functors
! * * TT)\@
T (=) = 7 (—) ® mDy,
and
! % * TTH\@
pi(—) ~pi(—) ® p;Dj,.
The orientation of M induces thus a natural equivalence
m (=) = 71 (=) @ mDyy = 71 (=) © Rusenr[m] = 77 [m](—)
and a natural isomorphism
pi(=) = pilm](-).
In particular, the dualizing complex of U, x M is isomorphic to piDy;, [m]
and the orientation of X induces an orientation of X x M

OxxM : ]D)Z@XM = ,’D’f]D).U2 [m] = Ry, e [m + ).

Now, we have to show that 71 A® is a self-dual complex over X x M.
e (SD1) is of course satisfied with normalization p}v.

e In order to show that (SD2) is satisfied, it is enough to observe that
it holds

H'(mA%) ~ H'(r]A%[m]) ~ 7{H'(A®[m]) = 7/ H"™(A"),

and that, if i < —n —m, then it results H(7'A®) = 0 since A*® satisfies
(SD2).

e Axiom (SD3) can be proved using the isomorphism
H' (M A*) v,y (xxan) = H((17 A [m]) o) = 7 HET (A 0,,,).

In fact, if i > n(k) — (n 4+ m), then i +m > n(k) — n and the last term
is zero since A* satisfies (SD3).
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e Finally a self-duality isomorphism dx s is given by the composition:

DriA®[m 4 n] ~ ©'DA*[n][m] = 7 (DA*[n)) E) T A®

where the second isomorphism is induced by 03, = djs. The equalities
Ddx|[n] = (=1)"dx and Ddy[m] = (—=1)"dy;, imply

Ddxxp[m +n] = (—1)""dxxm-
Finally, the commutativity of

Rer, xar[m + n] +——— (71 A®) |y,

T M~ (DW;A. [+ m])|vyxm
follows from that of
P} (Re, [n]) «—— pi (A®]r,)

p (D) — P (DA |, [n])
[ |
The product of an H-stratifold with a manifold allows to define a map
MXEC —C.
Actually, it is possible to generalize this construction to a product
C xXC— .

Such a map is however not essential in the definition of Hirzebruch homology
(as additive homology theory), and for this reason we prefer to postpone the
treatment of this point to Section 3.6.

In the second part of this section we want instead to restrict our attention
to the case of M = R. This case is particularly interesting, since, in order
to define the boundary operator for the Mayer-Vietoris sequence, we have to
understand all possible H-structures over the products of the form X x R.

Let us assume R to be endowed with a fixed orientation, and denote by j
and j, the inclusions X = X x {0} — X x R and Uy < X X R respectively.
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Lemma 3.22. Let § = (A°®,v) be an H-structure over X x R. Then there
is a unique (up to isomorphism) H-structure j'S over X, such that

S ~1'j'S.
Proof. As we have seen in the proof of Lemma/Definition 3.21, the orienta-
tion of R induces an isomorphism 7'(—) ~ 7*[1](=). Moreover, according

to ([Bal], Lemma 5.2), there is a natural identification 7*j*(—) ~ Id and
consequently it results

J=) = gt A)(=) = iyt g (=).
The H-structure j'S is defined setting:
J'S = ('A%, jov).

The orientation of X is here given by the isomorphism j}(0). As usual, we
only have to show that j'A*® is a self-dual complex of sheaves.

e (SD1) is clear since a normalization is given by
G2 () : j2(A%lv,) = ja(Re,)[n] = Reynx([n — 1],

e (SD2) and (SD3) are consequences of the fact that j'A® ~ j*A*[-1].
e The self-duality isomorphism is given by the composition

D(j'A*)[n — 1] ~ j*D(A®*)[n — 1] ~ j'D(A®)[n] = j'A®.

The only thing left to show is the isomorphism
'S~ 8
but this is a just consequence of the functorial identification

7' (=) ~ 5% (=) ~ Id.
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3.4 Existence of a small subclass

This section is devoted to the construction of a small subcategory %, of
% which has the property that every H-stratifold is isomorphic to an H-
stratifold in %;. This construction is based on the following

Lemma 3.23. For a fized n-dimensional stratifold X, there is a small sub-
class SDy(X) C SD(X) such that any self-dual complex of sheaves over X is
isomorphic to a complex of sheaves in SDy(X).

Proof. We proceed by induction on the codimension of the strata of X.
By definition, every self-dual complex of sheaves on U, is isomorphic to the
trivial complex Ry, [n](0, Ry, [n], ¥) and so we can set SDo(Uz) = Const(Us).

Now, we suppose to have already defined SDy(Uy) and we show how to
construct SD(Ug1).

- Let k be even. According to Goreski-MacPherson (see Theorem 3.7 of
this thesis), the restriction functor i} induces an equivalence of cate-
gories SD(Uyy1) ~ SD(Uy) and the subclass SDg(Uy1) can be defined
as the preimage under i} of SDg(Uy).

- Now let k& be odd. According to Banagl (see Theorem 3.11 of this
thesis), there is an equivalence of categories.

SD(Uk_H) ~ SD(Uk) X Lag(Uk+1 — Uk)

By inductive assumption, there is a small class SDo(U,) C SD(Uy)
so that every complex A®* € SD(Uy) is isomorphic to a complex in
SDo(Uyg). Let Lagy(Uy+1—Uy) be the subclass of Lag(Uy.1 —Uy) defined
setting:

LagO(Uk+1 — Uk) = {£ C O(A.)|A. € SDo(Uk),£ S Lag(Uk+1 — Uk)}

In other words an element of Lag,(Uy1 — Uy) is a Lagrangian subsheaf
of O(A®), for some A* € SDy(Uy). The class Lag,(Ugr1 — Ug) is by
construction a set and, moreover, every lagrangian structure is isomor-
phic to an element of Lag,(Uy1 — Ug). In fact, if (L, ¢) is a lagrangian
structure over A* € SD(Uy), then there exist a complex B* € SDq(Uy)
and an isomorphism « : A* — B*. The Lagrangian structure (L, ¢)
is now isomorphic to (£, O(«) o ¢) and consequently, since the map
O(a) o ¢ : L — O(B®) induces an injection in cohomology, £ can be

identified up to isomorphism with its image under O(a) o ¢ (here we
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are using the fact that the cohomology of L is concentrated in degree
s, and that for this reason £ is canonically isomorphic to H*(L)[—s]).
Finally, SDo(Uy41) is defined as the set of all complexes of sheaves of
the form A* 8 L for A®* € SDy(Uy) and L € Lagy(Uyy1 — Uy).

[ |
A consequence of this result and of Lemma 1.12 is the

Proposition 3.24. There is a small subcategory €y C € of the category of
H -stratifolds so that every H-stratifold is isomorphic to an element of 6.

Proof. Let %, be the class defined by
% ={(X,8)|X € #,S = (A*,v) with A®* € SDy(X)}.

If (X,S8) is an H-stratifold, then we know by Lemma 1.12 that there is a
stratifold Y € #; and an isomorphism ¢ : ¥ = X. The pull-back construc-
tion provides an H-structure ¢*S over Y with the property that (Y, ¢*S)
is isomorphic to (X, S) as an H-stratifold. Now, according to Lemma 3.23,
there is an isomorphism « : B® = ¢*A* with B* € SDy(Y") and in particular
it results

'S =T = (B (¢]n,)" (v) o (a]u,))-

Collecting these facts together, we get an isomorphism
(X,8) ~ (Y, ¢'8) ~ (Y, T) € %

and so the only thing left to show is that the class % is small, but this is
clear since the orientations of a stratifold are a set, and the same holds for
the class of all normalizations of a fixed complex.

[ |

3.5 Collared H-Stratifolds

In this section we introduce the notion of H-stratifold with boundary or,
more precisely, of collared H-stratifold.

Let (X,0X) be a pair of spaces with X closed in X, and suppose that
(X,8) and (0X,88) are two H-stratifolds of dimension n and n — 1 respec-
tively. Moreover, denote by ¢ and j the inclusions in X of X and 0X , and
by 7 the projection 0X x (0,+00) — X.

Definition 3.25. A collar is a pair (¢, p) where
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-c:V = U is a collar of X as a topological stratifold in the sense of
Definition 1.18;

- is an 1somorphism of H-stratifolds
o (V—=0X x {0}, (7'08)|v_axxqoy) = (U — 09X, S|y_ax)

whose first component @y s equal to c|V_3XX{0}. Here 708 is the
product structure on 0X x (0, +00).

Two collars (¢, ) : V — U and (¢, ¢') : V! — U’ are said to be equiva-
lent if there is an open subset V" C V.NV’, such that (¢, )|y = (¢, ¢')|vr-
An equivalence class of collars is called a germ of collars. If 90X is compact,
then it is possible to assume the collar to be of constant length, that is to
say of the form

(¢, ) : 0X x [0,4+¢) = U.

Definition 3.26. A collared H-stratifold is a pair of spaces (X,0X),
where ()2',5) is an n-dimensional H-stratifold, 0X is a closed subspace and
an (n — 1)-dimensional H-stratifold with H-structure 0S, together with a
germ of collars [(c,¢)]. The H-stratifold (0X,0S) is called the boundary
of (X,0X).

Example. Let (X,S) be an H-stratifold with S = (A*®, v).

1. The product X x[0, 1] is a collared H-stratifold with boundary (X, S)+
(—X,S8), where —X denotes the stratifold obtained reversing the ori-
entation of X and the H-structure on X x (0, 1) is given by the product
structure 'S described in Section 3.3.3.

2. Let i denote the inclusion of X x (0,1) in CX. If there exists an H-
structure 7 on C'X so that i*7 is isomorphic to 7'S, then (CX,T) is a
collared H-stratifold whose boundary is isomorphic to (X,S). We will
see in the next chapter under which conditions such an H-structure 7
exists.

The H-structure on the boundary of a collared H-stratifold X can be
deduced directly from the H-structure on the interior of X, as we are going
to show. In order to simplify the notation, we assume the collar to be of
constant length, but the same argument applies in the general case.

Using the collar we can restrict our attention to a space of the form
X x [0,4+¢) and we denote by i, j, 7 the maps indicated in the following
diagram.
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Lemma 3.27. For any sheaf A € Sh(X) there is a natural isomorphism

Jri.m A ~ A
Proof. If p denotes the projection X X [0,+¢) — X, then it is enough to
show

prA ~ i, A.
In fact it follows from the last isomorphism that there is an isomorphism

A~ jp"A ~ i, AL
The identity of *p*A*® induces by adjunction a morphism
a:p'A— i, i"p"A =i, 7" A
which we want to prove to be an isomorphism. For any point x € X and any
t < g, the stalk of p*A at (x,t) is isomorphic to A,. If we take ¢ # 0, then
it results
(1T A) () ~ Ay

and it is easily seen that, under this identification, it results a(a) = a.

So, it remains to consider the case ¢ = 0. The stalk of i, 7*A at (z,0) can
be identified with A, through the isomorphism

(i7" A), ~ Um (U x [0,0), i, 7 A)
3

~ }]im I'(U x (0,6),7"A)
530

~ limT'(U, A)
Uz
~A,.
Let a € (p*A)(z,0) ~ A, and consider a section o : U — A which extends a
on an open neighborhood of z in X. Using o we define

s:U x[0,+e) —— p*A

(y, 1) —— (e (y), 1)
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With this notation a(a) is defined as the germ of 5|y (0,4-) at (x,0). Now,
under the identification above, it results

ala) = %gr; Slvs (o) — (1]1312 oly =a
d—00

and consequently it follows that « is an isomorphism. [ |

Lemma 3.28. If A* — I° is the canonical injective resolution of a complex
of sheaves A® € D*(X), then the sheaves of the form 71 are i,-acyclic. In
particular, the resolution 7*A®* — 7*I* can be used to compute Ri,m*A®.

Proof. The canonical injective resolution L* — I* consists by construction
of sheaves of the form
1=]][B.

zeX

where B, is a sheaf concentrated over x. An argument analogous to that
used in the proof of ([Bor], V,3.13), shows that there is an isomorphism

7T*(H B,) ~ H ™ B,.
zeX zeX

Now, if 7B, — J} is the canonical injective resolution of 7*B,, then it
follows that the morphism

7T ~ W*(H B,) ~ H B, — H J:
zeX reX reX

is an injective resolution of 7*I.
What we want to prove is that the sequence

io(J] 7Bo) — ([T 30 — ie([T 32 —— -+

zeX zeX zeX

is exact. Since direct images commute with direct products, this is equivalent
to show the exactness of the sequence

i, 7" By — i, J0 7 e

for every x € X. On the other hand, it is known that exactness has to be
checked on the stalks. The exactness on the stalk over (y, t) is clearly satisfied
for y # x or t # 0, and thus we only have to consider the case (y,t) = (z,0).

For any open neighborhood U in X of the point x, the diagram of vector
spaces
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DU x [0, +¢), 0.7 B,) — (U x [0, +¢),i,J0) — ...

(U x (0,+e¢),7*B,) —— ['(X x (0,¢),J0) —— ...
is commutative and thus the p-th cohomology space of the upper row is iso-
morphic to H?(X x (0,¢),7*B;). Now, applying the Vietoris-Begle theorem,
we get an isomorphism
HP(X x (0,¢),7*B;) ~ H?(X,B,).

Finally, since B, is an acyclic sheaf, it results

I'X,B,) forp=0

P — )

H'(X,B.) {0 forp >0

and therefore the sequence above is exact. [ |

Let A* € D'(X) be a complex of sheaves and denote by A* = I* its
canonical injective resolution. According to Lemma 3.28, the resolution
7*A* = 7*I* consists of i,-acyclic sheaves and can be therefore used to
compute Ri,. So, it follows that there is an isomorphism

J*Ri, m*A® ~ 5%, 7*I°.
We have showed in Lemma 3.27 that the natural map j*7,7*I* — I® is an
isomorphism, and consequently we get an isomorphism

J*Ri,m*A® ~1* ~ A°®.

Now, it is showed in ([Bal], Lemma 4.1), that there is an equivalence of

functors
J*Rim* (=) ~ j'Riye* (=)[1]
and thus, for any complex of sheaves A® € D?(X), we get an isomorphism
A* — = 'Ryt A,
In particular

Corollary 3.29. Let X be a collared H-stratifold with boundary (0X,0S)
and denote by i and j the inclusions of X and of X in X. If S = (A*,v)
18 the H-structure on X, then there is an isomorphism

(0X,08) ~ (9X,5S)

where 68 = (j'RiyA®, j5Rin(v)) is the H-structure on the boundary defined
in ([Bal], Section 4.2).
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3.5.1 Gluing two H-stratifolds along the boundary

We show here how to glue two H-stratifolds whose boundary is isomorphic.
As known from bordism theory, such a construction plays a fundamental role
in the proof of the transitivity of bordism.

Let X be an n-dimensional oriented stratifold, ¥; and Y5 be two open
subsets such that X = Y; U Y, and assume Y; and Y5 endowed with the
induced orientations.

Lemma 3.30. Let S = (B}, v4) and Sy = (BS,v,) be two H-structures
over Yy and Y, and furthermore suppose that there is an isomorphism of
H -stratifolds

90 : (1/1 m }/2781|Y1QY2) — (1/1 m }/2782|Y1QY2)'

Under these assumptions there is up to isomorphism a unique H-structure
S = (A*,v) over X together with isomorphisms 1; : S|y, — S; which make
the diagram

¢l

— S |Y10Y2

81 |Y1 NYa

Ui oy

8|Y10Y2
commute.
Proof. An H-structure consists essentially of a self-dual complex of sheaves

and we will show how to define such a complex of sheaves by constructing in-
ductively a sequence of complexes Af € SD(Uy) together with isomorphisms

(W)v, © Atlveny; = BSluuvy)-

Let us write ¢; instead of (¢;)y

. in order to simplify the notation.

For k = 2, let us set,
AS =Ry, [n] € SD(Uy).

The isomorphisms 1 and ¢, can be easily defined setting ¢; := v}’ " and the
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commutativity of the diagram

|

BI|U2(Y10Y2) — B5|U2(Y1QY2)

1] s

A. |Y1ﬁY2

is now just a consequence of the definition of isomorphism of H-structures.

Now, assume to have already defined A} € SD(Uy), ¢1, and 1)y, and
consider the inclusions
1 Uk — Uk+1

i Up(Yi NY3) < Upr (Y1 N Y5)
J X =Ukp1 — Up = U
In order to define A}, we have to distinguish two cases.
e For k even, we set

A‘Z-}-l = Tgm(k),nRZ*A]; S SD(Uk+1)

The functor T<mu)_nRi.(—) is by ([GM2]) the inverse of i* : SD(Upy1) —
SD(Uy), and consequently A}, is a self-dual complex of sheaves over Uy.
The isomorphisms (1);) are defined through the composition

Tgm(lc)—nRi* (1/19)

[ ]
>Bj|UIc+1(Yj)'

Ugy1

Ay = (T<nm)-n BB v ) ~

e Consider now the case k£ odd. By Banagl’s main result (see Theorem
3.11), there are two natural isomorphisms

BI|Uk+1(Y1) = BI|U/¢(Y1) H A(BI) and B5|Uk-+1(Y2) = B§|Uk(Y2) H A(B;)

where A(B}) = (£;, ¢;) is the “canonical” Lagrangian structure over (B})|y, .
Identifying Bf|y, with A®|y,(v;) through the isomorphism ¢;, one has

(B |viyr = (A% v)) B A(BS).
On the other hand, restricting ¢ to Uy, 1(Y1NY3) one obtains an isomorphism

(1", A(9))

~

BI|U1C(Y10Y2) H A(BI)|U/¢+1(Y10Y2) B§|Uk(Y10Y2) H A(BE) |Uk+1(Y10Y2)'
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By the inductive assumption, the diagram
I

1|Uk (Y1NY2) — B2|Uk- (Y1NY3)

N4

.
A |U]C YlﬁYQ

commutes, and this allows to identify <p|Uk+1(y,my2) with the isomorphism

¢

£1|Uk+1(Y10Y2 — O(A}lyiny)

‘62 | Uk+1(Y1r]Y2) - O(A; |Y1ﬁY2)

P2

If we set H = H*j*O(A*|;) and E; = H*j*(L))|v,,,(viny), then we get a
diagram

T
E1|YmY2 — H|YmYz
B~ 1

Eslvinv, — Hlyinyw,
V2

Now, we can glue the shaves E; and E; through £ and we obtain thus a sheaf
E; the maps v; and 7, extend to an injection v : E < H. The image v(E)
is a Lagrangian subsheaf and, by Lemma 3.10, this determines a Lagrangian
structure (L, ¢) over A} such that, for j = 1,2, there is an isomorphism
(L, )|vy41(v;) = A(Bj). The complex A}, is finally defined by setting

A= ALE (L, 9).
The isomorphisms
(wj)UkH : Al.€+1|Yj = BJ.'|Uk+1(Yj)
are defined through the compositions
AE+1|YJ‘ = A.|Uk(Yj) H (‘Ca ¢)|Uk+1 B.|Uk BE‘ A(B ) = B;|Uk+1(yj)'
[
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The preceding lemma allows to prove the following result.

Proposition 3.31. Let (X, S) and (X', 8') be two H -stratifolds, and suppose
that there is an orientation-reversing isomorphism

~

;1 (0X,08) — (9X",0S").

Then there is up to isomorphism a unique H-structure over X U X'

OX=0X'
which restricts to S over X and to S’ over X'.

Proof. The stratifold X U X’ is naturally decomposed in the union of the two
open sets ) )
Y =XUX'
Y, := 0X X (—¢,+¢).

Both Y] and Y, are naturally endowed with an H-structure and these two
structures are isomorphic if restricted on the intersection. Applying the pre-
vious lemma, we can thus obtain an H-structure over X U X' which extends
S and §'. [ |

3.6 The product of two H-stratifolds

As we have showed in Section 3.3.3, the product of an H-stratifold with an
oriented manifold defines a function

MAXC —F.

The aim of this section is to show that this construction can be extended to
a multiplication
CXEC ——F.

Consider two oriented stratifolds X; and X, of dimension m and n re-
spectively, and let 71, my denote the projections of X; x X, to the first and
second factors. For ¢ = 1,2, consider furthermore the map p; defined by the
restriction of 7; to the top stratum Uy (X7 x Xo) = Us(X7) x Uz(X)).

A central role in the definition of the product-structure is played by the
tensor product of complexes of sheaves. It is perhaps convenient to recall
here that, if A®* and B® are complexes of sheaves of real vector spaces, then,
by ([GM2], Section 1.9) (see also Section 2.3 of this thesis), there is an iso-
morphism

L
A*®B*~ A*® B°*.
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Using ([Bor], Corollary V,10.26), an orientation of X; x X is induced by
the orientations of X; and X, through the isomorphism:
o * o L * ®
D%, «x, = DY, ® moDX, .
In fact, if 0 and o0y are the orientations of X; and X, respectively, then
L
pjo1 ® poy induces an isomorphism

L
(DB(1><X2)|U2(X1><X2) = pT(DB(JUz(Xl))®pT(D272(X2))

~ L
= P1(Ru, (xy[m]) @ p3(Ru, (x,)[1])

L
= RUz(X1><X2)[m] ®RU2(X1><X2)[n]
= IR(J'2()('1><)('2)[n7’_|_n]'

Now, let §; = (A},vy) and Sy = (A3, 1») be two H-structures over X
and X, respectively.

Lemma/Definition 3.32. The pair

L L
S X Sy = (1A} @ TEAS, pivy @ i)

15 an H-structure over X, x Xy which is called the product H-structure.
The H -stratifold
(X1 X X2,81 X SQ)

is called the product of (X1,S;) with (X3, Ss).
Proof. Observe first of all that, for p = (z1,22) € X7 x X5, it holds

R =

. L .
(H'(m Al @ m3A), ~ H((mA]®mA3),)

Hi((x{ A3), ® (m3A3),)
Hl((AI)xl QL@ (A3)z,)

~ P H'((A]),,) @ H'((A3),,)

a+b=j

12

12

(3.1)

where the last step is a consequence of the algebraic Kiinneth formula. Ac-
cording to ([Bor], V,10.25), if L} € D(X;) and L§ € D’(X,) are two con-
structible complexes of sheaves, then there is an isomorphism

L !
T DxA®* @ 1;B* ~ RHom® (7] A®, m,B®).
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L
Now, let us show that 7 A @3 A € DY(X; x X5) is a self-dual complex
of sheaves. Axiom (SD1) is of course satisfied with the normalization

* L *
P11 @ pala.
Axioms (SD2) and (SD3) can be checked looking at the stalks and using
Formula 3.1. Since both A} and Af$ satisfy (SD2), it follows, fori < —m—n,

. L
H'(r AT @ mAj) =0,

and so 77 A$ éﬂr;‘Ag satisfies (SD2). In order to show (SD3), let us consider
an integer k > 2 and a point p = (2, 23) € U1 (X7 X X3). The structure of
stratifold on the product space X; x X5 has the property that for any integer
k > 2 there exists a partition of k of the form k = a+ f3, so that z; € U,(X;)
and =5 € Ug(X3). Now, for any ¢ > (k) —m —n and any partition a +b = 1,
it results

a+b>nk)—m—-—n>n(a)+n(B)—m—n

and so it must also hold
a>n(a)—m or b>n(f)—n.
On the other hand, A} and A} satisfy (SD3), and consequently it must be
(H*(AD))s, =0 or (H’(A3))s, = 0.

Finally, using Formula 3.1, we obtain:

(F(x AT © mA3), = @D (H(AD),, © (H(A3), = 0.

The last to point to prove is the existence of a self-duality isomorphism
L L
d:D(rfA* @ myAd)[m + n| — 1] A° @ T3 AS.

Using (among other facts) the identity provided by ([Bor], Theorem V,10.25),
we define d as the composition of isomorphisms
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L
D(r; A} ® 7;A3) = RHom"(r{ A} & ;A3 DY, XX2)
~ RHom® (7 A} ® my A5, T DY, ® D%, )
L
~ RHom*(r{Al, RHom"®(m;Aj, 71D% ® m3DY, ))
L

~ RHom*(r{ A}, RHom"® (15 A3, 7 (Dx,Rx, ) ® m3DY, ))
~ RHom"(r{A}, RHom"®(1;A$, RHom"® (r{Rx, , 7D, )))

(

(m

(

(m1

AAAA

~ RHom* (7} A}, RHom"*(1;AS, RHom® (Ry, . x,, mDx, )))
~ RHom"*(r; A}, RHom* (m5 A3, D%, )) ~
~ RHom"*(r{ A}, m,RHom" (A3, DY, )) ~
~ RHom" (m{ A, m5(Dx, A3[n]))[—n]
— RHom* (7 AI,WQA.)[—TL]
~ m(Dxl(A )m)) ® 73 A3[—m — n]
= orrAY ® my AS[—m — n).
(3.2)

The compatibility of d with the orientation of X; x X5 and with the normal-

L
ization of 77 A} ® w3 AS follows from the naturality of the construction. W

Remark. The product defined above is really an extension of the construc-
tion given in Section 3.3.3. In fact, if the second factor X5 is an oriented
n-dimensional manifold (with the trivial sheaf as a self-dual complex of
sheaves), then the identification 7} ~ 7}[n] provides an isomorphism

7T!1 1~ Aln] ~ T AS ® Ry, wxo[n] = 77 A3 ® 5 (R, [n])
and the statement is consequently proved.

The product of two H-stratifolds can be extended to the case that one of
the factors is a collared H-stratifold.

Lemma/Definition 3.33. Let (X1, S;) be an H-stratifold and let (Xs,0X5)
be a collared H-stratifold. Then the product Xi x X5 is naturally endowed
with the structure of a collared H -stratifold whose boundary is isomorphic to

(X1,81) x (0X5,08,).
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Finally, we state without proof two essential properties of the product of
H-stratifolds.

Lemma 3.34. Let (X1,81), (X2, Ss) and (X3, S3) be three H-stratifolds (with
possibly non-empty boundary).

- The switch map induces an isomorphism
(X1,81) X (X3,8) — (1) (X, Sp) x (X1, 81).
- There 1s a canonical isomorphism

(X1 X 81) X (X5, 8)) X (X5, 85) — (X1,81) X ((Xa,85) % (X3, S85)).
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Hirzebruch homology

This chapter is devoted to the construction of the Hirzebruch homology func-
tor Hh,(—) and to the investigation of some of its properties. In particular
we show that Hh,(—) is a multiplicative homology theory and we compute
its coefficients.

4.1 The functor Hh,(—)

The functor Hh,(—) is defined in this section as the bordism theory associ-
ated to the class of H-stratifolds. As we have seen in the previous chapter, an
H-stratifold is a pair (X, S) where X is a stratifold and S is an H-structure
over X. From now on, it is convenient to simplify the notation, and we do
this by indicating an H-stratifold by its underlying stratifold.

Let X be any topological space.

Definition 4.1. An n-dimensional sitngular H -stratifold over X is a pair
(S, f) where S is an n-dimensional closed H-stratifold and

f: 85— X
1S a continuous map.

For any integer n, we denote by ¥™(X) the class of all n-dimensional
singular H-stratifolds over X.

Definition 4.2. Two elements (S, f), (S, f') € €"(X) are said to be iso-
morphic if there is an isomorphism of H-stratifolds

@:S;S'

61
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such that, if @1 denotes the first component of ¢ (see Definition 3.17), then
the following diagram commutes

S 901 SI

S f

X

If (S, f) is a singular H-stratifold, then we denote by —(S, f) the singular
H-stratifold (=S, f), where —S is the H-stratifold obtained reversing the
orientation of S.

The disjoint union of H-stratifolds can be extended to the class of the
singular H-stratifolds setting:

(X)X ENX) —— E(X)

((Saf)a (Slaf,)) — (S+ Slaf + fl)
This notation allows to introduce the following definition.

Definition 4.3. Two singular H-stratifolds (S, f), (S, f") € €™(X) are
called bordant, if there exists a pair (T,g) where T is a collared compact
H -stratifold and g is a map T — X so that

(0T, glor) = (S, ) + (=5", f").
If (S, f) and (S', f') are two bordant pairs, then we write
(S, f) ~ (5", f).
Lemma 4.4. ~ defines an equivalence relation on €™ (X).

Proof. All tools used to prove that the bordism relation is an equivalence
relation in the classical case of manifolds, are available in the category of
H-stratifolds and therefore the usual argument can be applied. [ |

Remark. Observe that isomorphic pairs are automatically bordant.

Since ~ is an equivalence relation, it makes sense to consider the quotient
class

Hhn(X) :={[S, f1 ] (S, f) € €"(X)}
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where [S, f] is the equivalence class determined by (S, f). By Lemma 3.24,
for any element (S, f) € €™(X) there exists a pair (5', f') ~ (S, f) with
S' € €. In particular the function

{(S,f) | S €6} — Hh,(X)

is surjective and, since the source class is a set, it results that Hh,(X) is a
set too.

Lemma 4.5. Hh,(X) is a commutative group with the operation defined by
the disjoint union.

Proof. The disjoint union defines an operation

4 Hhy(X) % Hhp(X) —— Hhy(X)

IS, LS D) =[S+ 5 [+ f]

which is associative and commutative. The neutral element of the group
is the bordism class [(), @], while the inverse of a class [S, f] is provided by

_[Saf] = [_Svf] [ |

Definition 4.6. The Abelian group Hh, (X) is called the n-th Hirzebruch
homology group of X.

If g: X — Y is any continuous map, then we can associate to g a group

homomorphism
Gs: Hhy(X) — Hh,(Y)

S, fT——= 1S90 f].

In particular, this assignment allows to define a functor

Hh,.(—) : Top — Ab”

X +—— Hh(X) == P Hh.(X)
where AbZ denotes the category of graded Abelian groups.
Furthermore, observe that the functor
M —C

from Section 3.2 defines a natural transformation
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QTOP () — Hh(-).

In the final part of this section we want to discuss the existence of a
multiplicative structure on the functor Hh,(—).

If X and Y are two topological spaces, then the product of H-stratifolds
defined in Section 3.6 allows to construct a natural homomorphism

Xt Hhup(X) @ Hhyy(Y) — Hhppyn(X x V)

(S, 1@, fT———=[S x5 f x [']

The commutativity (in graded sense), the associativity of x and the dis-
tributivity of x with respect to + are consequences of analogous properties
of the product of H-stratifolds (see Lemma 3.34). In particular, Hh,(pt)
is a graded commutative ring with unit. Finally, observe that the multi-
plicative structure of Hh,(—) is compatible with the natural transformation
QTOP(—) — Hh,(—) described above.

4.2 Some properties of Hh,(—)

It has been proved by Kreck that the bordism of smooth oriented stratifolds is
a homology theory. Using the machinery developed in the previous chapter,
we can reproduce Kreck’s argument in the category of H-stratifolds. In
particular, we show that the functor Hh,(—) is a homology theory too.

We begin by discussing the homotopy invariance of Hh,(—). Let X and
Y be topological spaces.

Lemma 4.7. If g,¢' : X — Y are homotopic maps, then it results
gs =g, Hh(X) — Hh,(Y).
The proof is identical to the usual one, and will be therefore omitted.

The next point which we need to consider is the construction of the bound-
ary operator for the Mayer-Vietoris sequence.

Let U and V be open subsets of a space X and set A := X — V and
B := X — U. For a singular H-stratifold (S, f) € €"(X), the subspaces
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Ag = f7Y(A) and Bg := f~'(B) are closed and disjoint, and for this reason
there is a morphism
p:S— R
with p(Ag) = +1 and p(Bg) = —1.
Applying the transversality theorem (see Theorem 1.31), one gets a ho-
motopy of p relative to Ag U Bg

h:Sx[0,1] ——R

with the property that 0 is a regular value of ¢ = h(—,1). The subset
T:=0'(0) C Sis an (n — 1)-dimensional stratifold and there is a bicollar

i1 Z % (—e,+e) —— S

such that o(i(x,t)) = t. We indicate by j : Z — Z x (—¢,+¢) the inclusion
z+— (x,0) and by 7 : Z x (—¢,+¢) — Z the projection on the first factor.
Since 7 is an open embedding, the H-structure of S can be pulled back
to an H-structure i*S over Z X (—¢,+¢) (see Definitions 3.16 and 3.19) and,
by Lemma 3.22, there exists a unique H-structure 7 = j'i*S over Z so that
it holds
T ~i*S.

Finally, if Z denotes the H-stratifold (7, T), we define
d: Hhy(UUV) —s Hh, (UNV)

[SJ f] — [ZJ f|Z]
Lemma 4.8. The boundary operator d is well defined.

Proof. Consider a bordism (7, g) from (S, f) to (S', f') and define Ay :=
g '(A) and By := g '(B). The morphisms p and p' can be extended to a
c-function n : T'— R mapping Ay to +1 and By to —1. Furthermore we can
extend h and A’ to a homotopy H : S x [0,1] — R. By the transversality
theorem we get now a homotopy

K:Tx[0,1] ——R

of H(—,1) (relative to T U Ar U By), so that 0 is a regular value of £ :=
K(—,1). Finally, a bordism between (Z, f|;) and (Z', f'| ) is provided by
§71(0). u

The boundary operator commutes by construction with the induced maps.
Moreover it holds the
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Proposition 4.9 (Mayer-Vietoris sequence). The sequence of commu-
tative groups

s — th(UﬂV) — th(U)GBth(V) — th(UUV) — th,l(UﬂV) — e
15 exact.

The proof of the exactness of the Mayer-Vietoris sequence is completely
analogous to that in [Kr1], and will be therefore omitted.

A consequence of the preceding result and of the homotopy invariance of
Hh,(—) is the following

Corollary 4.10. The functor Hh,.(—) is a multiplicative homology theory
and there is a natural transformation of multiplicative homology theories

QTP () — Hh.(-).

4.3 The coefficients of Hh.(—)

In this section we show that the signature of an H-stratifold defined by
Banagl allows to construct a ring isomorphism Hh,(pt) ~ Z[t], were the
degree of the variable ¢ is equal to 4.

Let S be a compact (4k)-dimensional H-stratifold and denote by & =
(A*,v) the H-structure of S.

The self-duality isomorphism d : DA®[4k] — A*® induces by Verdier du-
ality an isomorphism in hypercohomology

H2R(S, A®) ~ H (S, DA [4k]) ~ H* (S, DA*) ~ Hom(H (S, A®),R)
or, equivalently, a non-degenerate symmetric bilinear form
H*(S,A*) @ H ™ (X,A*) —— R

Following Banagl, we call the index of this pairing the signature of S.
If the dimension of S is not divisible by 4, one sets sig(S) = 0.

The following three properties of the signature can be easily deduced from
the definitions.

1. sig(S + S') = sig(S) + sig(S');
2. sig(—S) = —sig(9);
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3. if S and S’ are isomorphic H-stratifolds, it results
sig(S) = sig(9").

Moreover, the signature is multiplicative with respect to the product of
H-stratifolds.

Proposition 4.11. If S| and Sy are two H-stratifolds then it holds
sig(S1 x Sz) = sig(Sh) - sig(52).

Proof. Let & = (A3,14) and S; = (A3, ») denote the H-structure on S;
and Sy respectively. It follows from ([Bor|, Theorem V,10.19) that there is
an isomorphism of complexes of real vector spaces

L L
[(S1;A}) @ T'(Sy; AY) ~T'(Sy x Sp; i A @ m3A3),
and so, by the algebraic Kiinneth formula, there is an isomorphism

HE(S) x Sp, AT @ mAS) ~ €D H(S1, A}) @ H(Sh; A3).
i+j=k

Finally, one can apply the usual argument used to show the multiplicativity
of the signature of a manifold. [

Another fundamental property of the signature is given by the next propo-
sition.

Proposition 4.12. If S is a (4k + 1)-dimensional H-stratifold, then the
signature of S is zero.

Proof. Let & and 0S denote the H-structure of S and 9S respectively. By
Lemma 3.29, there is an isomorphism of H-stratifolds

(9S,88) ~ (38, 5S)

where 08 is the H-structure defined in ([Bal], Section 4.2). In particular,
since sig(0S,08) is zero by ([Bal], Corollary 4.1), it results

sig(0S, 08) = sig(0S,dS) = 0.
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The proposition above has the interesting consequence that the signature
can be used to define a homomorphism of graded rings

v Hh({pt}) ——— Z[{]

[S] ——— sig(.S) . ¢dim 574

where the degree of the variable t is 4.
Remark. If M is a 4k-dimensional compact oriented manifold, one has
H (X, Ry [4k])) = H*(X,R)

and it follows that the signature of M (as an oriented manifold) equals the
signature of (M, Ry,[4k],Id) (as an H-stratifold). In particular, if we denote
by 7 the ring homomorphism

QroP 7

[M] —— sig(M) - ¢4 M4
where sig(M) is the signature of M as an oriented manifold, then the diagram

Q79" (pt) — Hh,(pt)

Zt]
commutes.

The ring homomorphism « plays a fundamental role in the computation
of the coefficients of Hh,(—). In fact we have the

Proposition 4.13. The ring homomorphism v is an isomorphism.

Proof. We begin by discussing the surjectivity of v. According to the remark
above, the signature of [CP?"] is equal to 1 and therefore it results

A([CP™) = 17

for any n € N.
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So, it remains to prove that 7 is injective. The strategy is to show that, if
S is a compact n-dimensional H-stratifold with v(S) = 0, then there exists
an H-structure on the cone over S, so that S ~ 9(C'S).

The condition v(S) = 0 is equivalent to sig(S) = 0 and furthermore, since
the case n = 0 is trivial, we can assume the dimension of S to be strictly
positive. Let v be the vertex point of C'S, and denote by m, i and j the maps
indicated in the diagram:

S x (0,1) s 05 T > fw}

S

Using the notation introduced in Section 3.1, one has
Upso =S x(0,1) and U,,3=CS.

We have already seen in Section 3.5 that the problem is to extend the product
structure
('A®, p'v)
over S x (0,1) to an H-structure over CS. 1f n is odd, this can always be
done applying Theorem 3.7 and so it is enough to consider the case n = 2m.
Now, since we have supposed sig(S) = 0, it follows that there exists a
Lagrangian subspace

LcH™(S,A*)

and we have to show how such a Lagrangian subspace gives rise to a La-
grangian structure on 7' A®. Note that a Lagrangian subspace always exists
if 4 1 n.

As we have seen in Lemma 3.10, a Lagrangian structure over 7' A® is the
same as a Lagrangian subsheaf

H = Hﬁ(n+1)f(n+1)(j*Ri*ﬂ_!Ao)_

In our case, however, H is a sheaf over {v} and so it can be identified with
the vector space H,. Since we have assumed n = 2m, it results

2m+1—-1

nn+1)—(n+1) =] 5

|—-2m—1=-m—1.

Substituting this expression and the canonical identification 7' ~ 7*[1], we
can also write
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H~H "™ '(j*Ri,m*A*[1]) ~ H ™(j*Ri,m*A®).

We make now the following assumption, which will be proved in the
lemma below: if A®* — I°® is the canonical injective resolution of A°®, then
the resolution

A T
can be used to compute Ri,. Using this fact, the vector space H can be
identified with the stalk at v of the sheaf H™" (i, 7*I*).

On the other hand, the stalk at v of H (i, 7*I°) is isomorphic to the
(—m)-th cohomology of the complex of vector spaces (i,7*I*),. The latter is
by definition equal to

: . 7o\ _ 1: —1 *TO\ ~ 13 *T®
}Jlgl’;F(U,Z*ﬂ' I') = %grll)l_‘(l (U), nI%) ~ llﬁﬁél"(S x (0,¢e), 7I%),

where the last isomorphism follows from the compactness of S.
Since 7m*I* is constant on the fibres, one has

lir% (S x (0,e), 7 I*) ~ lil’I[l] (S, 1°) ~T'(S,1%).

In particular, this computation shows that we can identify H with the (—m)-
th cohomology space of the complex I'(S,I*) or, in other words, that there
is an isomorphism

H~ H (5, A*).

It follows from the definition of the bilinear form on H (see [Bal], Lemma
2.4 and [GM2], Section 5.2), that the diagram

HeH— H (S, A") @ H ™(S,A%)

R

commutes. This means that the Lagrangian subspace L C H™™(S, A®) in-
duces a Lagrangian subspace L C H and thus a Lagrangian structure on
m'A®. Finally, by Theorem 3.11, there is an H-structure over cs extending
the product structure over S x (0, 1) and finally it results

S = 9(CS).
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Following the argument used to prove Lemma 3.28, one shows the

Lemma 4.14. Let A®* — I° be the canonical injective resolution of A® €
D*(S). The sheaves of the form 71 are i.-acyclic: in particular, the resolu-
tion m*A* — 7*I* can be used to compute Ri,m*A®.

Proof. The canonical injective resolution A®* — I* consists by construction
of sheaves of the form
1=]]B..

€S

As in the proof of ([Bor], V,3.13), one has
7T*(H B,) ~ H B,
€S €S

and, if 7*B, — J} is the canonical injective resolution of 7*B,, then it

follows that
7 ~ ﬂ*(H B,) ~ HT(*BI — HJ;
TES r€eS r€eS

is an injective resolution of 7*I.
Now, what we have to prove is that the sequence

i(J[=~B.) — i(J[I0) — (]I — -
z€S €S z€ES
is also exact. Since direct image commute with direct products, this is equiv-
alent to show the exactness of
i, By — i, I — i, I — -

for every x € CS. On the other hand, exactness has to be checked on
the stalks and, since exactness at every point p # v is clearly satisfied by
construction, it remains to consider the stalk at v. This is equivalent to show
that the morphism of complexes of vector spaces

[1G.7Bo) — [T

TES TES

is a quasi-isomorphism. By a compactness argument, we can consider a
conelike open neighborhood U, of v. On U, one has

(U.,i,mBy) —— I'(U., i, J°) ———— ...

D(X x (0,),7B,) — (X x (0,¢),J°) — ..
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The p-th cohomology space of the bottom row is H?(X x (0,¢),7*B,) and,
applying the Vietoris-Begle theorem, one has

HP(X x (0,¢),7"B,) ~ H?(X,B,).
Finally since B, is an acyclic sheaf, it results

I'X,B,) forp=0

P _
H(X’Bx)_{o for p >0



Chapter 5

The Hirzebruch fundamental
class

In the following pages we show how to use Hirzebruch homology to con-
struct a characteristic class for smooth oriented manifolds, and we explain
the connection between the Novikov conjecture and Hirzebruch homology.

5.1 The Hirzebruch fundamental class of a
manifold

Let u be the natural transformation defined through the composition
Q0(=) —> Q7 (=) — Hhi(-),
and denote by u} the homomorphism
Q°(M) — Hhy(M)
induced by u for an n-dimensional smooth oriented closed manifold M.

Definition 5.1. The Hirzebruch fundamental class of M s by defini-

tion the element
[M] :=uM([M,1d]) € Hh,,(M)).

Despite the use of the same name and of the same notation, the class
[M] € Hh,(M) defined here does not coincide with the class [M] € hh, (M)
defined in the introduction. The use of the same terminology is justified by
the fact that, as we will see in Appendix B, there is an isomorphism

0 hhn(M) —s Hhy (M)

73
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which carries [M] € hh, (M) onto [M] € Hh,(M).

The first property of the Hirzebruch fundamental class of a manifold is
its topological invariance.

Lemma 5.2. If f : N — M is an orientation-preserving homeomorphism,
then it results

[M] = f.(IN]).
The proof of this fact is straightforward since it holds
[M,id] = [N, f] € Q07 (M)

and ul! factorizes by construction through QTP ().

5.2 Rational Hirzebruch homology

In this section we will interpret the information carried by the rational Hirze-
bruch fundamental class: in particular we will show that for any closed
smooth manifold M there is an identification

Hhy (M) @ Q — H,(M;Q[t])
which maps the Hirzebruch fundamental class to the L-genus.

The ring Hh,(pt) is an Q79-module with the multiplication induced by
the ring homomorphism

u, : 50— Hh.(pt).

For this reason, if A is any Q7°-module, then we denote by A ®,, Hh.(pt)
the tensor product in the category of Q9°-modules. For simplicity we also
denote by u, the homomorphism

Q50 © Q — Hh.(pt) ® Q

and by (A ® Q) Ry, (Hh.(pt) ® Q) the tensor product in the category of
(279 ® Q)-modules.

Lemma 5.3. The functor (25°(—) ® Q) ®,. (Hh.(pt) ® Q) is a homology
theory.
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Proof. For a manifold M, let A denote the Poincaré duality isomorphism

H*(M) — H,_,(M)

r———xN[M]
and let us define a natural transformation setting:

2OoX)®Q — H,(X) ® (29 ® Q)

0 ) (Y Al (M) ..y, (30)) ® [CBY]. .. [CP*)

According to Thom, this transformation is an isomorphism of homology the-
ories. On the other hand the equality (A ® B) ®p C' ~ A ® C implies

(H(-) ® 27 © Q) ®u. (Hhi(pt) ® Q) ~ Ho(~) ® (Hh.(pt) ® Q),
and thus we get a natural isomorphism of functors
(Q5°(=) ® Q) @y, (Hh.(pt) ® Q) ~ H,(—) ® Hh.(pt) ® Q.

So, in order to prove the statement, it is enough to show that the latter
functor is a homology theory, but this is clear since Hh,(pt) ® Q is flat. W

The product of a singular manifold with an H-stratifold induces a family
of natural homomorphisms

Q%°(X) ®,, Hh,(pt) — Hh,(X)

[Maf] ®u* [S] P [M X Safoﬂ-l]
and therewith a transformation
(2°(=) ® Q) ®y. (Hh.(pt) ® Q) — Hh.(—) © Q.

Since both sides are homology theories, by the comparison theorem we
get the following

Lemma 5.4. The transformation
(=) © Q) &u. (Hh.(pt) ® Q) — Hh.(-) ®Q

s an isomorphism.



76 Chapter 5. The Hirzebruch fundamental class

Now, the ring homomorphism
Q%0 — 5 7t

induces an Q3°-module structure on Z[t]. Moreover, the commutative dia-
gram

induces a natural isomorphism
QS0(X) @, Hhu(pt) — 50(X) @, Z[1]

and consequently an equivalence of homology theories:

(Q5°(=) ® Q) ®y. (Hha(pt) ® Q) — 25°(—) &, Ql1].

Now we are going to show that the latter functor is isomorphic to singular
homology.

Lemma 5.5. The L-genus defines a natural transformation
A QF0(=) — H.(;Qlf)
which, for X = pt, realizes the ring homomorphism 7.

Proof. Let
Ll(pl)a LQ(plaPQ)a R Lk(pla s 7pk)7 v

be the multiplicative sequence of rational polynomials defined by the even
power series Q(z) = —%— (see [Hi] or [HBJ]). Substituting the Pontrjagin

tanh x
classes of a manifold M in these polynomials, one gets the L-class

M) =" Ly(M)-t* € H'(M;Q[t])

k>0
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and, by Poincaré duality, the class AL(M) € H,,(M;Q[t]). For any space X
and any integer n, we define natural homomorphisms setting:

AL O(X) — Hy(X;Qlt])

[M, f] —— f.(AL(TM))
For X = pt, this is just the homomorphism

At Q50— QY]

[M] —— e.(L(M) N [M])

where ¢ denotes the constant map M — {pt}, and by Hirzebruch’s signature
theorem it holds

e (L(M) N [M]) =< L(M),[M] >= sig(M) - t"/* = 7(M)

This construction can be used to prove the

Lemma 5.6. There is an isomorphism of homology theories

Q50() @, Qt] — H,(—;Q[t).

Proof. The transformation A from Lemma 5.5 induces by multiplication an
homomorphism

Q7°(=) x Qlt] — H.(—Qlt)).
Because of the universal property of the equalizer, there exists a unique
transformation

0;°(-) @ Qlt] — H.(—;Qlt])
such that the diagram

;0 (=) x ) x Qlt] = °(—) x Qlt] — Q7°(-) ®- Qlt]

-

'

commutes. Finally, it is easily seen that this new transformation is an iso-
morphism by the comparison theorem. [ |
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Collecting these results together we get the

Proposition 5.7. There exists an equivalence

P Hh*(_) ® Q — H*(_; Q[t])
such that the diagram

QS0 (—) — L Hh(-) ®Q

A

1
H.(—;Q[t])

commutes.

Proof. If X is a space, then the homomorphism ¢ is defined through the
composition

Q50(X) @, Hha(pt) ® Q {— Hh.(X) ®Q

0(X) ®, Q[t] ——— H.(X;Q[t])

In particular for a smooth oriented n-dimensional manifold M one has

Corollary 5.8. If M is an n-dimensional smooth oriented manifold M, then
it holds
vn ([M]) = AL(M) € Hy(M;Q[H]).

Since the rational Pontrjagin classes of a manifold M determine and at
the same time are determined by the L-class of M, one can also interpret
this result as follows.

Meta-Theorem. The rational Hirzebruch fundamental class of a manifold
contains the same information as the rational Pontrjagin classes.

According to a theorem of Dold and Milnor, the rational Pontrjagin
classes of a manifold are not homotopy invariant and so we get in partic-
ular

Corollary 5.9. The Hirzebruch fundamental class is not homotopy invari-
ant.
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5.3 The Novikov conjecture

In this section we want to show that the Novikov conjecture for a group 7 is
equivalent to the homotopy invariance of the rational Hirzebruch fundamen-
tal class for singular manifolds over K (m,1).

Let m be any discrete group, and let us fix any rational cohomology class
z € H*(K(m 1); Q).

Definition 5.10. The higher signature sig, of a singular manifold (M, «)
over K(m,1) is the characteristic number

sig,(M,a) =< L(M)U a*z, [M] >=< z,a,(AL(M)) > .

The higher signature sig, is by definition a bordism invariant and thus it
defines a group homomorphism

BO(K(r,1)) —— Q

(M, a] ——— sig, (M, a).

Definition 5.11. The higher signature sig, is said to be homotopy in-
variant if for singular manifold (M, ) and for every orientation-preserving
homotopy equivalence f : N — M, it holds

sig, (M, a) = sig,(N, a0 f)

Now we want to connect the Novikov conjecture with the homology theory
Hh,.(—).

Definition 5.12. The rational Hirzebruch fundamental class is said to be
homotopy invariant for the group w if for every pair (M,«), and for
every orientation-preserving homotopy equivalence f : N — M, it results

[M,a] = [N,ao f] € Hh,(K(m,1)) ® Q.
This terminology allows to formulate the following

Proposition 5.13. The Novikov conjecture for a group © is equivalent to
the homotopy invariance of the rational Hirzebruch fundamental class for .

Proof. 1f (M, a) is a singular manifold (M, a)) over K (m,1), then one has

sig, (M, a) =< z, 0, (A(L(M)) >=< z, ou([M, a]) >
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and thus it is clear that it results
sig, (M, o) = sig, (N, a o f)
for any x € H*(K(m,1);Q), if and only if
[M,a] = [N,ao f]l € Hh,(K(m,1)) @ Q.
[ |

The proposition above suggests that an integral version of the Novikov
conjecture can be obtained requiring the homotopy invariance of the (inte-
gral) Hirzebruch fundamental class.

Integral Novikov Problem (M. Kreck). Determine all discrete groups
7 for which the Hirzebruch fundamental class is homotopy invariant.

5.4 Z[1/2]-localized Hirzebruch homology

Applying the Landweber exact functor theorem, we show in this section that
the Z[1/2]-localization of Hirzebruch homology is isomorphic to connective
KO-theory. In particular the Hirzebruch fundamental class of a manifold M
differs from the ko-theoretical characteristic classes of M only by elements
of 2-torsion.

By the Landweber exact functor theorem (see [La], Example 3.4), the
tensor product
Q70(—) @, Z[1/2)[t, t 1]

is a homology theory and therefore u induces an isomorphism
Q50(=) @, Z[1/2)[t,t™"] — Hh.(—) @ Z[1/2[t"].
On the other hand, the map of spectra
M Spin —— M SO

is a Z[1/2]-equivalence and so one can define a map v : MSO — KOI[1/2]
through the composition

MSO[1/2] — MSpin[1/2] — KO[1/2).
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Here the last map is induced by the Atiyah-Bott-Shapiro M Spin-orientation
of KO-theory. The map v defines a natural transformation

00 (=) — KO.(-)[1/2]

which induces, for X = {pt}, the ring homomorphism 7 by a theorem of
Sullivan (see [MM], page 84). In particular, it results

QO(—) @ Z[1/2][t, 7] = QZ°(=) @y, (KO (pt)[1/2).

and so, applying again the Landweber exact functor theorem, we get an
isomorphism

Q50 (—) ®,, KOL(pt)[1/2] — KO.(-)[1/2].

The diagram
OS0(=) @, Z[1/2)[t, ¢ = Hh.(=) @ Z[1/2][t "]

~

KO.(S)[i]2
provides an isomorphism
Hh,(=) @ Z[1/2)[t™"] = KO.(X)[1/2]

and passing to the connected coverings one concludes the proof of the fol-
lowing

Proposition 5.14. There is an isomorphism

Hho (=) ® Z[1/2] — ko.(=)[1/2].
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Appendix A

Hirzebruch cohomology

Following Quillen and Dold (see [Quil] and [Do]), we construct the coho-
mology theory associated to Hh.(—) on the category of smooth oriented
manifolds and compute its formal group law.

A.1 The functor Hh*(—)

In this section we define the functor Hh*(—) as the cobordism theory associ-
ated to the class of smooth H-stratifolds. The notion of a smooth stratifold
is very similar to that of a topological stratifold and, for this reason, the
reader is referred to Kreck’s book (see [Krl]) for a precise definition and for
the proofs of the main results mentioned here.

Let us denote by .7 the category of smooth H-stratifolds and by Hh/ (—)
the associated bordism theory. The arguments used in Chapter 4 to show
that Hh,(—) is a homology theory and to compute the coefficients of Hh.,(—)
can be applied with some modifications to Hh,(—) and so one gets the

Proposition A.15. The functor Hh.(—) is a homology theory and there is
a ring isomorphism

so that the diagram

83
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commutes.

In particular, it follows from the comparison theorem that the natural
transformation

HE (=) — Hh(-).

induced by the forgetful functor is an equivalence of homology theories.

By a standard argument, if f : S — M is a continuous map from a
smooth stratifold to a smooth manifold, whose restriction to 05 is a smooth
map, then f is homotopic relative 9S to a smooth map.

A consequence of this fact is that for each smooth manifold M we can
consider Hh! (M) as the bordism of smooth stratifolds and smooth maps.

Now, let us fix a smooth oriented n-dimensional manifold M without
boundary.

Definition A.16. The p-th Hirzebruch cohomology group of M is by
definition the group of the bordism classes of pairs (S, f) where S is a smooth
(n — p)-dimensional H-stratifold and f : S — M is a proper smooth map.

If M is compact, then there is an isomorphism
Hh,(M) ~ Hh;,(]\/[) = Hh" P(M)

which is called Poincaré duality isomorphism.
The transversality theorem allows to turn Hh*(—) into a contravariant
functor, and by a standard argument one can prove the

Proposition A.17. The functor Hh*(—) is a multiplicative cohomology the-
ory whose coefficients are isomorphic to Z[t] (here the degree of t is equal to

).

Actually it should be possible to describe Hh*(—) already on the category
of topological manifolds (the problem here is to prove the needed formulation
of the transversality theorem). However, this fact is not relevant for the
following and so we will not go into details.

A.2 The formal group law of Hh*(—)

Let F*(—) be a commutative multiplicative cohomology theory on the cate-
gory of finite dimensional smooth manifolds.

Definition A.18. A sequence t = {t,} of elements t, € E*(CP") is called
a C-orientation of E*, if the following two properties are satisfied.
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- The sequence t is natural with respect to the inclusions j, : CP™ C
(CP"‘H,

-ty reduces to the canonical generator of E*(CP') = E*(52).

The Euler class of a line bundle £ over a manifold M is defined as the
element

e(§) := f*(tn)
where the map f: M — CP" classifies &.

The cohomology theory €;(—) has a canonical C-orientation which is
given by the elements [CP™™!, j, ] € QF(CP™). Moreover, using the trans-
formation

(=) — HA'(-)
induced by the forgetful functor, we can define a natural orientation of
Hh*(—) setting:
u, = [CP" ', j, 1] € Hh?*(CP").

If E*(—) is a complex oriented cohomology theory, then, using the Atiyah-
Hirzebruch spectral sequence, one can prove that there exists a unique formal
group law

F(z,y) = Zaijxiyj
0hJ

with coefficients in the ring E* = E*(pt), so that for any two line bundles &;
and & over a manifold M it holds

e(§1 ® &) = Fle(&),e(&)).

Recall that a power series F' € R[[z,y]] is called a commutative formal
group law, if it satisfies the relations

F0,y) = v,

F(z,0) = =,
F(r,F(y,2)) = F(F(z,y),2),

F(r,y) = F(y,7).

According to Quillen (see [Quil]), the formal group law of Qj;(—) is the

series ) >
F(z,y) = Lo MY
CP(z)CP(y)
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where h;; denotes the bordism class of the Milnor manifold H; ;, and C'P(u)

is the power series

’j,

oo

CP(u) =) [CP"]u" € Qi (pt)[[u])-

n=0

Since the C-orientation of Hh* is induced by the natural transformation
u: (=) = Hh*(—), the formal group law of Hh* is given by

Zi,j e (hig)z'y’

Glosy) = ulF (o) = e u. (CP )

In order to compute G(z,y) explicitly, we can use the isomorphism

v Hh*(pt) =, Z[t].

The ring homomorphism 7 o u, coincides with the genus 7, and so what we
need to know is the signature of the coefficients of F(z,y). If we set

1 o0
l_a::Za,

n=0

then the power series 7,(C'P(u)) can be expressed by the formula

7(CP(w) =Y 7([CP"Yu =D " =Y " (tu?)" = 172 _1tu2’

and consequently we can write
G(z,y) = O 7(hij)a'y’) (1 — ta®) (1 — ty?).

i,
Now, according to Hirzebruch (see [HBJ]), for i # j it holds

0 fori=1(2)
T(hij) = 0 for Z,] =0 (2)

itji—1

t7F ifi=0,j=1(2)

and, since it results 7(h;;) = 0, one has

G(w,y) = (O m(hi)a'y’) (1 = t2”) (1 = ty°).

i#]
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Finally, using the equality h;; = h;;, we obtain

Z 7(hij)x'y?

Z zyxy +Z zyxj

1<j 1<j

Z t2k-+2l2+1—1 l‘QH‘lka + Z t2k+2l2+1_11‘2ky2l+1 _

k<l k<l

Ztk-u 21+1 2k Z thtl 2k 21+1

k<l k<l

. (Z tk+lx2ly2k) +y- (Z tk+lx2ky2l) _
k<l k<l

T - (Z tky%(z tl$2l)) +y- (Z tkHQT%(Z tly2l)) _
k 1>k k I>k

8

tha?k thy2k
) Py 2k P2k _
(zk: )ty (zk: ) T

v (3, 12k 2k 2k (3, 12k o 2ky2k)

1 — ta? 1—ty?
(1 —t2a2y?)(1 —t2?) (1 —22%y?)(1 — ty?)
r+y

(1 +txy)(1 — ta2)(1 — ty?)

This concludes the proof of the

Proposition A.19. The formal group law of Hh*(—) is

T4y
1+txy’

G(r,y) =
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Appendix B

The homology theory hh.(—)

Appendix B is devoted to the construction of the homology theory hh,(—)
as complex bordism with singularities in the sense of Baas-Sullivan.

B.1 The Baas-Sullivan construction

We begin by summarizing some results from the theory of Baas-Sullivan
(unitary) manifolds with singularities. For a more detailed account the reader
is referred to Rudyak ([Ru], Chapter VIII) or Botvinnik ([Bot]).

Let us fix a closed k-dimensional unitary manifold F'.

Definition B.1. A Baas-Sullivan manifold with singularity F' is a
triple (R, S, f) where R and S are compact unitary manifolds, and f is a
diffeomorphism OR ~ S X F which respects the unitary structure.

Slightly modifying this definition one can also introduce the notion of ob-
jects with boundary, and therefore consider the associated bordism MU (—).
The forgetful functor defines a natural transformation QU (—) — MUF(-).
Moreover MU (—) has the following fundamental property:

Proposition B.2. MU (—) is a homology theory, and for any space X there
is a long exact sequence

e = Q) 5 QL (X) = MUEL(X) = QL (X) = -
which s called the Bockstein-Baas-Sullivan sequence.

Now let X = {Fj, F,,...} be an arbitrary sequence of closed unitary
manifolds and denote by ¥, the finite sequence {F}, ..., F,}.
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Definition B.3. A manifold with singularity ¥,, is defined inductively
as a triple (R, S, f) where R and S are manifolds with singularity ¥,, 1 and
f is an isomorphism OR ~ S X F,,.

We denote by MUZ™(—) the bordism of Baas-Sullivan manifolds with
singularity ¥,,. Again we have:

Proposition B.4. MU>™(—) is a homology theory and for any X there is
a Bockstein-Baas-Sullivan long exact sequence:

oo MUP(X) — MU' (X) — MU (X) — MU (X) — - -

This construction provides a sequence of homology theories and natural
transformations

Qf(—) —>MU*21(—) N ..._>MU*Em(_) ...

Taking the limit over the diagram above we define:

MUZ(—-) := lim MU (-).

m—o0

By construction MU(—) comes with a natural transformation

u:QYV(=) — lim MU (=) = MUZ(-).

m—00

and we denote by u, the QV-module homomorphism
QY ——— MUZ(pt)

induced by u for X = pt.
Moreover, since passing to the limit preserves exactness, one has the
following

Proposition B.5. MU”(—) is a homology theory.

The convergence of the limit above is sure if, for all n, the sequence X
contains only finitely many manifolds of dimension < n. In fact if F, ) is
the last element in ¥ of dimension < n, then the homomorphism

MUY (X) — MU+ (X)

is an isomorphism for all i > o(n) because of dimensional reasons, and
therefore the limit is reached after a finite number of steps.
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The coefficients of MU (—) are in general quite difficult to compute and
so we restrict our attention to the case of a regular sequence X. Recall that
a sequence {x, Ty, ...} in a commutative ring R is called regular if, for every
n, the multiplication by z,, induces injective homomorphisms

R— R
and

R/(z1,...,xp 1) — R/(x1,...,2n 1)

where (x1,...,2,) denotes the ideal generated by xy, ..., z,.
By an easy inductive application of the Bockstein-Baas-Sullivan sequence
one can show the

Proposition B.6. If ¥ = {Fy,..., F,,...} is a reqular sequence in QU, then
uy factorizes to an Q*U—module 1somorphism

U

QU s MU”

QU/(F), ..., [Fal,--)

B.2 The construction of hh,.(—)

According to Milnor (see [Miln]), the bordism ring QU is isomorphic to the
polynomial ring Z[z1, z, . .., %y, . . .| with deg x,, = 2n; furthermore a family
{M?"} of unitary manifolds is a basis sequence of QU if and only if it results

+q if n + 1 is a power of the prime ¢
2n] __
sk(en o ) [MT] = { +1  if n+ 1 is not a prime power

This characterization can be used to prove the

Lemma B.7. There exists a basis sequence {M>"} of QU with the property
that

sig(M=") = { 0 if 0 £ 2 (B.1)
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Proof. Let {N?"} be an arbitrary family of free polynomials generators of
QU and set:

M* := [CP?]
M? .= N? —sig(N?") - (CP?*)(®/2)  for n # 2

By construction, the family {M?"} satisfies Condition B.1 above. Moreover,
it is easily seen that {M?V} is again a basis sequence: the only thing to show
is that CP? can be taken as 4-dimensional generator, but this is clear since
it holds
s9(c1, €2)[CP?] = ¢2[CP?] — 2¢,[CP?] = 3
{ 81,1(61, CQ)[(CP2] = CQ[C]P)2] =3

Now let us choose a basis sequence {M?"} of QU which satisfies B.1, and
denote by X the sequence {M?"},, 2.

Definition B.8. The homology theory hh.(—) is defined by setting:

hh.(=) = MUZ(=) = lim MU™(-).

m—o0

Remark. hh,(—) depends on the choice of the basis sequence {M?"}.

The fact that the dimensions of the elements in ¥ build a strictly increas-
ing sequence has the following consequence:

Lemma B.9. For any n € N there exists another integer m € N such that
the homomorphism

MU (X) — hh,(X)
s an isomorphism for any topological space X.

Furthermore we have the

Proposition B.10. The homology theory hh.(—) has the following proper-
ties:

1. there is a natural transformation

w: QY (=) — hh,(—).
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2. there is an isomorphism

v : hhy(pt) —— Z[t]
such that the composition v o u, is the multiplicative genus

7:QV — 5 7[t]

[N*] —— sig(N) - tF/4

Proof. The natural transformation u : QY(—) — hh,(—) is given by con-
struction as explained in the previous section.

Since Y is a proper sequence, u, induces according to Proposition B.6 an
isomorphism

Q(=)/((M?],[M°]...) — hha(pt)
and consequently a commutative diagram
O " (pt)

~

@ (=)/ (M), [ )

The quotient QU /([M?],[M®],...) is isomorphic to the QV-module Z[t] gen-
erated by [M*], and thus we get by composition an isomorphism

v+ hha(pt) — QU /(M2 [MP],...) —— Z1]

which coincides with 7 by construction. [ |

B.3 The isomorphism Hh,(—) ~ hh,(—)
In this section, we want to sketch the construction of a natural transformation
hh.(—) —— Hh.(-)

which is an equivalence of homology theories.
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Let ¥ = {F}, F5,...} denote the sequence of manifolds used in the pre-
vious section to construct hh.(—), and let &, denote the category of all
Baas-Sullivan manifold (possibly with non-empty boundary) with singular-
ity ¥, = {Fi,..., Fiy}. Since hh.(—) is defined as the limit of the functors
MUZm(—) for m — oo, it follows that a natural transformation

hho(=) — Hh,(-)
is the same as a sequence of natural transformations
MUZ™(—) — Hh,(-)

which satisfy a compatibility property.
Such a family of transformations can be defined constructing a sequence
of functors (which respect the boundaries and the products)

O 2 Eyy ——— €

where @ denotes the category of all H-stratifolds.

For m = 0, & is the class of unitary manifolds and so we can consider
the canonical inclusion described in Section 3.2.

Now, we show how to define a,,,; from a,,. For simplicity we only
consider Baas-Sullivan manifolds with empty boundary. Let (R, S, f) is an
element of £,,,1 and let us denote by F' the manifold F,,; € ¥,,,1. Moreover
let us choose a Lagrangian subspace in the middle cohomology of F' and
observe that, according to Section 4.3, this choice allows to consider the cone
over F' as an H-stratifold with boundary F.

The isomorphism f : R — S x F induces an isomorphism of H-
stratifolds

am(f) : O(m(R)) —> am(S) x F
Finally, gluing «,,(R) and «,,(S) x C'F along the boundary, we define
i1 (R, S, f) = ap(R) U (an(S) x CF)

The induced transformation
Y hhy(—) — Hh,(—)
has the property that the diagram
Q7 (=)

hh,(—) —— Hh,(-)
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commutes and by the comparison theorem we get the

Corollary B.11. The natural transformation 1 is an equivalence of homol-
oqy theories.
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Appendix C

Hirzebruch spectra

A Hirzebruch spectrum is a strict MU-algebra spectrum representing a ho-
mology theory which has properties analogous to that of Hh,(—). In the
following we show how to construct a Hirzebruch spectrum and we investi-
gate some of its properties.

C.1 Strict algebra spectra

We begin by reporting some results from [EKMM]. Let R be a commutative
S-algebra, and assume 7;(R) = 0 for odd i.

Theorem C.1. ([EKMM], Theorem V,3.2) Let X be a regular sequence in
7.(R) and let I be the ideal generated by X. If m,(R)/I is concentrated in
degrees congruent to zero mod 4, then there is an associative and commutative
strict R-algebra spectrum R/X and a natural map of strict R-algebra spectra

u:R——>R/X
such that
Uy Te(R) — T (R/X)
realizes the homomorphism of m.(R)-algebras
T.(R) —— m(R)/1
Quotients in the category of strict R-modules have the following universal
property

Lemma C.2. ([EKMM], Lemma V,1.5) Let N be a strict R-module, and
r € m(R) such that x- : X"N — N is zero. Then, for any map of strict
R-modules o : M — N, there is a map of strict R-modules & : M/xM — N
such that @ ov = .

97
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There are analogous constructions for localizations.

Theorem C.3. ([EKMM], Proposition V,2.3) Let Y be any sequence of el-
ements of m.(R). If A is a strict R-algebra spectrum, then there is a strict
R-algebra spectrum A[Y Y] and a natural map of strict R-algebra spectra

A A— A[Y*I]
such that

At Ay —— m(AYTY)

realizes the morphism

A, —— ALY

Lemma C.4. ([EKMM], Lemma V,1.13) Let N be a strict R-module, and
Y C m.(R) such that y;- - ¥%N — N, degy; = k;, is an equivalence for each
i. Then, for any map of strict R-modules oo : M — N, there is a unique map
of strict R-modules & : M[Y '] — N such that &0\ = a.

C.2 Hirzebruch spectra

Let MU denote the unitary Thom spectrum. It is known that MU can be
constructed as an F-ring spectrum and thus it makes sense to speak of
strict MU-algebra spectra and strict M U-module spectra.

Definition C.5. A strict MU-algebra spectrum E with unit map v : MU —
FE, is called a Hirzebruch-spectrum if

- 7.(F) ~ Z[t], with degt = 4;
- the ring homomorphism
To(u) : m(MU) — 7. (F) ~ Z[t]
coincides with T.

A Hirzebruch spectrum can be constructed applying the results from the
previous section. As we have observed in Appendix B, it is possible to choose
a basis sequence {x1,Zs, ...} of m.(MU) with

. 0 forn#2
Slg(x"):{ 1 forniQ

Let X indicate the sequence {xq,x3,24,...}.
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Proposition C.6. The MU-algebra spectrum MU/X is a Hirzebruch spec-
trum.

Proof. The conditions of Theorem C.1 are satisfied since m,(MU) is con-
centrated in even degrees, and X is a regular sequence in m,(MU). It fol-
lows that there is a ring spectrum MU/ X together with a MU-algebra map
w: MU — MU/X. The assumptions on the signature of the z;’s imply that
u induces, for X = pt, the ring homomorphism

T (MU) —— Z[t]
and this proves that MU/X is a Hirzebruch spectrum. [ |

The definition above characterizes the notion of a Hirzebruch spectrum
up to isomorphism of strict MU-module spectra. In fact it holds the

Proposition C.7. Fvery Hirzebruch spectrum E is isomorphic to MU/X
as a strict MU-module.

Proof. Let u be the orientation of E, and denote by v the orientation of
MU/X. By definition u realizes, for X = pt, the genus 7. Since we have
assumed the signature of z; to be zero, the composition uox; : S — MU —
E is null-homotopic. The left-multiplication by x;-: ¥2E — E is the map

(wozy) A1 o

S2ANE EANE—'1 S F

which is therefore zero. Lemma C.2 implies thus that there exists a map of
strict MU-modules
u MU/ <1y >—— F

such that the following diagram commutes

u

MU —— F

Uy
U1
i
MU/ <z >
An inductive argument shows how to define a sequence of factorizations
u
MU — F
A
Up .
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which satisfy an obvious compatibility property. The spectrum MU/X is by
definition the telescope of the spectra MU, = MU/ < xy,...,z, >, and so
there is a commutative diagram of strict M U-modules:

MU —% o F
~
,&/ v
v L7
\l/ //
MU/X

To conclude the proof it is enough to observe that the map
Uy T (MU/X) —— E,

sends x5 to 7(z3) = t, and that consequently 7, (u) is an isomorphism. W

C.3 Determination of the Hirzebruch spec-
trum

In this section, we show how to determine the Hirzebruch spectrum E by
computing its localizations E[1/2] and E(y). Some of the considerations pre-
sented here have been suggested by Neil Strickland.

Let us begin with the localization E[1/2]. The homology theory as-
sociated to E[1/2][t™"] satisfies the hypotheses of Landweber exact func-
tor theorem, and so the argument used in 5.4 to show the isomorphism
Hh,.(—)[1/2] ~ ko.(—)[1/2] can be applied to prove the existence of an iso-
morphism

E[1/2] ~ ko[1/2].

So we only have to understand the Z)-localization E(3). By construction,
the spectrum E,y comes with a map j : E — Ey) and thus it has a natural
complex orientation which corresponds to the universal Thom class

MU 4 > B J >E(2).

The formal group law of (Ey),j o u) is

r+y

Fsig(l‘ay) = 1 +tl'y
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as a power series over m,(E()) = Z)[t].

Every formal group law over the rationals is uniquely strictly isomorphic
to the additive one and, for Fi,, this isomorphism is given by the power
series

9 4 .
n=0

Since all denominators are odd, this series defines a strict isomorphism
1
log : Fyig =F,* ——— Faa

already over Z,-algebras.

Now it is well known that 7, (MU A MU) corepresents the groupoid of all
formal group laws and strict isomorphisms (see for example [Mill], Section
I1.6)). Therefore there exists a unique ring homomorphism

@ : T (MUNMU) — m.(E))

which classifies the strict isomorphism log : F, — F,q. This means that if
L, M : T(MU) = 7. (MU A MU) are the ring homomorphisms induced by

MU =MUANS — MUAMU and MU =SANMU— MUAMU,

then ¢ oy, and ¢ o ng classify F,q and Fg, respectively.
Observe that since m,(E(2)) is a Z)-algebra, ¢ factorizes as in the dia-

gram:
W*(MU/\ MU) — W*(E(g))

Lo
T (MU A MU) 2
In order to understand ¢, let us choose an isomorphism

7 (MU A MUY — 70, (MU)[by, b, .. ]

and a basis-sequence {x1, s, ...} of m,(MU) with the usual condition on the
signature. This choice defines a system of coordinates

1 (MU A MU) =5 M := Z[z1, s, . ][b1, ba, . . ]
in which the homomorphism

n, : MU, — m,(MU A MU)
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becomes the natural inclusion
Z[fL’l, To, .. ] s Z[ZEl, To, .. .][bl, bg, .. ]

Since oy, classifies F,q, the composition ¢ ony, has to coincide with the
morphism
T Z[flﬁ'l,xQ, .. ] — Z(Q)[t]

which sends every z; to 0. Furthermore the universal strict isomorphism
f =327, byz™! has to be sent under ¢ to the power series log, and thus it
must hold

o(by) = { % if n=0 (mod 2)

0 else

Now use the fact that ¢ factorizes through the ring
M(Q) = Z(Q)[:cl, .. -][bla .. ]

and let us set

b, for n odd
b, =< 3by forn =2
(n+1)b, —3(n—1)b, o-by for n even and n > 2
The new elements b, provide a basis of M) as 7,.(MU(,))-module, and

moreover it holds
t forn=2

SD(b;’):{ 0 forn #2

The kernel of ¢ is thus generated, as ideal of M3, by the regular sequence
Vo= {y, @, 0, 00,05, 0, )

According to Theorem C.1, there is a (MU A MU)-module spectrum
G=(MUAMU)/Y and a (MU A MU)-module map

¢: MUNMU —— G
with the following two properties:
- T (G) = Loy [t];

- the induced homomorphism 7,(¢) coincides with (.
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Since G, is concentrated in degrees congruent to zero modulo 4, there is
a canonical multiplicative structure on G such that ¢ is a (MU A MU)-ring
morphism.

We use ¢ to induce two different orientations of G. Let u and v be the
map indicated in the following diagram

1A
v:MU——EMUAARﬂH(MUAMUMyﬂ—%G

Al
w: MU 2N A0 A MU — (MU A MUY L G

The C-oriented spectrum (G, u) is by construction the Z,)-Hirzebruch
spectrum and it is thus isomorphic as a strict MU-module to E(o).

Consider now the orientation corresponding to v: the formal group law of
(G, ) is the additive one, and thus the classifying map of F,q is the projection
7. This fact means that v,(z;) = 0 for each i, or equivalently that the map

T %G —— G
is zero. By Lemma C.2 we get a factorization
v
MU —}( G

-,
-,

v,
.
.

s
-,

MU/{Z‘l,Z‘Q, }

Using the fact that MU/{x,...} is canonically isomorphic to the Eilenberg-
Mac Lane spectrum HZ, one obtains a map of strict MU-module spectra

v HZ(Q) — G
The map o can be used to define a new map

5 A1
HZopy NG 25 GAG ——— G

such that the two diagrams

MUNG

nAl vAl

Al Al
SANGIES HEp NG 22 GG ——— G
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and
HZ(2) — G
nAl 1
S'AG
commute.

Finally, applying ([Ru], Theorem I1,7.5), one finds
Proposition C.8. There is an isomorphism

E(Q) ~ HZ(2) [t]



Epilogue

We want to conclude this thesis by spending some words on two open prob-
lems which could be of interest.

Question 1. Can we use Hirzebruch homology to prove the topological in-
variance of rational Pontrjagin classes?

Since the Hirzebruch fundamental class of a manifold corresponds over the
rationals to the L-class, one could be tempted to use the topological invari-
ance of the former to prove the topological invariance of rational Pontrjagin
classes. Unfortunately the latter property is needed to prove transversality
in the topological category and this is in turn needed to show that Hh,(—) is
a homology theory, so that this argument does not work. For this reason it
would be interesting to look for an alternative construction of the boundary
operator which makes no use of transversality.

Question 2. Is it possible to represent Hh,(—) by a strict MU-ring spec-
trum?

The solution of this problem could have a very interesting application.
Since all coefficients of the L-polynomials lie in the ring Z), the L-class
of a smooth manifold M can be seen as an element of H,(M;Zt]) and
in particular, Now, if the answer to the question above were positive, then,
according to the results of Appendix C, there would be an isomorphism

Hho (M) ® Zy —s H.(M; Zs]t])
mapping the Hirzebruch fundamental class of a smooth manifold M to the

L-class of M, and, in particular, one could prove the topological invariance
of the Zy)-local L-class.
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