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Introdu
tionFor a dis
rete group � and a rational 
ohomology 
lass x 2 H�(K(�; 1);Q),the higher signature determined by x is the 
hara
teristi
 numbersigx : 
SO� (K(�; 1)) ! Q[M;�℄ ! < L(M) [ ��(x); [M ℄ >where L(M) is the L-
lass of M .By de�nition, the signature sig1(M;�) =< L(M); [M ℄ > only dependson M . Furthermore, a

ording to the Hirzebru
h signature theorem, thenumber < L(M); [M ℄ > is equal to the index of the interse
tion form of M ,and thus it follows that if there exists an orientation-preserving homotopyequivalen
e N �M , then for all �; �sig1(M;�) = sig1(N; �):In general however, the higher signatures do also depend on the map �,and 
onsequently one 
annot expe
t to �nd su
h an invarian
e property. Forthis reason, one says that the higher signature sigx is homotopy invariant iffor every orientation-preserving homotopy equivalen
e f : N ! M and forevery � :M ! K(�; 1) sigx(M;�) = sigx(N;� Æ f):Novikov dis
overed that for manifolds with fundamental group � = Z allhigher signatures are homotopy invariant, while Rokhlin studied the 
ase of� = Z� Z. These examples led Novikov to the formulation of the general
onje
ture:The Novikov Conje
ture. For any x 2 H�(K(�; 1);Q), the higher signa-ture determined by x is homotopy invariant.It is 
lear that the Novikov 
onje
ture is a rational statement, and it wouldbe interesting to have an integral formulation of it. A 
lassi
al approa
h toiii



iv Introdu
tionthis question makes use of L-theory: it has been shown that the Novikov
onje
ture is equivalent to the assertion that the assembly map is a rationalinje
tion, and thus an integral version of the Novikov 
onje
ture 
an beobtained by requiring the assembly map to be an integral split inje
tion.What we want to dis
uss here is a more geometri
al and intuitive approa
hwhi
h has been suggested re
ently by Matthias Kre
k. Kre
k's idea is tointrodu
e a homology theory hh�(�), whi
h he 
allsHirzebru
h homology,and whi
h has the following fundamental property:1. there is a natural transformation u : 
SO� (�)! hh�(�)2. there is an isomorphism 
 : hh�(pt) '�! Z[t℄ su
h that the followingdiagram 
ommutes: 
SO� u�! hh�(pt)
Z[t℄� # 
 Here � is the ring homomorphism� : 
SO� ! Z[t℄[Mn℄ ! sig(Mn) � tn=4Let u� be the group homomorphismu� : 
SO� (M) ! hh�(M)indu
ed by the natural transformation u for an n-dimensional oriented man-ifold M . This homomorphism maps the bordism 
lass [M; id℄ 2 
SOn (M) tothe element u�([M; id℄) 2 hhn(M), whi
h we 
all the Hirzebru
h fundamental
lass of M , and whi
h we denote for simpli
ity by [M ℄. If � :M ! X is any
ontinuous map, then we indi
ate by [M;�℄ the element ��([M ℄) 2 hhn(X).The Hirzebru
h fundamental 
lass is said to be homotopy invariant fora dis
rete group �, if for any orientation-preserving homotopy equivalen
ef : N !M and for any map � :M ! K(�; 1)[M;�℄ = [N;� Æ f ℄ 2 hhn(K(�; 1))



vIntegral Novikov Problem (M. Kre
k). Determine all dis
rete groups� for whi
h the Hirzebru
h fundamental 
lass is homotopy invariant.If one takes the tensor produ
t with Q , then there is an isomorphismhh�(M)
 Q ' H�(M ;Q [t℄)and it 
an be proved that the rational Hirzebru
h fundamental 
lass [M ℄ 2hhn(M) 
 Q is mapped to the Poin
ar�e dual 
lass of L(M). The Novikov
onje
ture is therefore equivalent to the homotopy invarian
e of the rationalHirzebru
h fundamental 
lass for every dis
rete group �, and thus the prob-lem formulated above 
an be interpreted as an integral generalization of theNovikov 
onje
ture.Repla
ing the homotopy invarian
e of the higher signatures with theirtopologi
al invarian
e, one gets a weaker statement, whi
h is nevertheless farfrom being trivial. In fa
t, sin
e the dis
overy of exoti
 spheres it is knownthat there are homeomorphisms whi
h are not homotopi
 to di�eomorphismsand so there is a priori no reason for the Pontrjagin 
lasses to be invariantunder homeomorphisms. However it holds theTheorem (Novikov). The rational Pontrjagin 
lasses are topologi
al in-variant.This highly non-trivial result implies the topologi
al invarian
e of the L-
lass and 
onsequently of the higher signatures. For the integral Novikovproblem the situation looks quite di�erent, and in fa
t there is no obviousway to redu
e this problem to Novikov's theorem. This motivated Kre
k toformulate the followingConje
ture. The Hirzebru
h fundamental 
lass is a topologi
al invariant.Up to now we have used the properties of Hirzebru
h homology withoutany mention of its 
onstru
tion. Sin
e Hirzebru
h homology is after all thesubje
t of this thesis, it is worth to spend some words on it.A

ording to Milnor, the unitary bordism ring 
U� is isomorphi
 to thepolynomial ring Z[x1; x2; : : :℄. An easy 
omputation shows that one 
an takea basis sequen
e fx1; x2; : : :g whi
h satis�es the 
onditionsig(xn) = � 0 for n 6= 21 for n = 2



vi Introdu
tionIf su
h a basis sequen
e fx1; x2; : : :g has been �xed, Hirzebru
h homology isby de�nition the homology theory hh�(�) obtained as the unitary bordismwith Baas-Sullivan singularities fxngn 6=2.This 
onstru
tion provides only a transformation
U� (�) ! hh�(�);while, in order to de�ne Hirzebru
h fundamental 
lasses for smooth orientedmanifolds, one needs a fa
torization over 
SO� (�) as illustrated in the follow-ing diagram: 
U� (�) ! hh�(�)

SO� (�)# !

Now, there is no obvious way to �nd su
h a dashed transformation, and so itonly remains to try to modify the 
onstru
tion of hh�(�). The general ideais to 
onstru
t a homology theory hh0�(�) with hh0�(pt) ' Z[t℄ for whi
h thetwo diagrams 
U� (�) ! hh�(�)

SO� (�)# ! hh0�(�)#and hh�(pt) ! hh0�(pt)

Z[t℄ ' ' !
ommute. By the 
omparison theorem, the transformation hh�(�)! hh0�(�)is an isomorphism with inverse hh0�(�)! hh�(�), and then the 
omposition
SO� (�) ! hh0�(�) ! hh�(�)yields the desired fa
torization.



viiIn order to de�ne the theory hh0�(�), one 
ould think of mimi
 the 
on-stru
tion of hh�(�) repla
ing 
U� (�) with 
SO� (�). A
tually, the situation isnow more 
ompli
ated and in fa
t, sin
e the 
oeÆ
ients of 
SO� (�) 
ontainelements of 2-torsion, the Baas-Sullivan 
onstru
tion fails (or, to be morepre
ise, there is no more 
ontrol on the 
oeÆ
ients). Kre
k has solved theproblem proposing a modi�ed Baas-Sullivan 
onstru
tion in whi
h obje
tswith singularities 
an be resolved too, and 
ould therewith show the exis-ten
e of hh0�(�).This thesis has the twofold purpose of presenting a natural, geometri

onstru
tion of Hirzebru
h homology, and at the same time of extendingthe de�nition of Hirzebru
h fundamental 
lass to 
losed oriented topologi
almanifolds.The starting point of our 
onstru
tion is a general method to de�ne newhomology theories, re
ently introdu
ed by Kre
k, whi
h 
onsists of 
onsider-ing 
ertain 
lasses of topologi
al spa
es 
alled stratifolds, and then to passto their bordism.Sin
e we want to de�ne fundamental 
lasses for topologi
al manifolds,it is 
onvenient to start with the 
lass of topologi
al stratifolds. The bor-dism of topologi
al stratifolds without any further assumptions is the zerotheory. Thus, to get the right 
oeÆ
ients, we have to restri
t our attentionto stratifolds admitting some additional stru
ture. The main ingredient isnow provided by the theory of self-dual 
omplexes of sheaves: this notion hasbeen introdu
ed and developed by Markus Banagl with the aim of extendingthe signature to pseudomanifolds with odd 
odimensional strata, but it iseasy to adapt it to topologi
al stratifolds.Using Banagl's theory we de�ne an H-stratifold as a topologi
al strati-fold S together with an H-stru
ture, i.e. a triple (o;A�; �), where o is anorientation of the top stratum of S, A� is a self-dual 
omplex of sheaves overS, and � is a normalization of A�. We denote by Hh�(�) the bordism theoryof H-stratifolds.Our main result is theTheorem. Hh�(�) is a homology theory for whi
h:1. Hh�(pt) ' Z[t℄2. there exist two natural transformations
TOP� (�) �! Hh�(�) and hh�(�) �! Hh�(�)



viii Introdu
tionsu
h that the diagrams 
U� (�) ! hh�(�)

TOP� (�)# !Hh�(�)#and hh�(pt) !Hh�(pt)

Z[t℄ !
ommute.This theorem allows to a
hieve the two goals set above. First of all thenatural transformation hh�(�)! Hh�(�) is by the 
omparison theorem anisomorphism of homology theories and therefore it makes sense to 
onsiderthe bordism theory of H-stratifolds as a new geometri
 
onstru
tion of Hirze-bru
h homology. On the other hand the problem of de�ning Hirzebru
h fun-damental 
lasses 
an be solved using the transformation 
U� (�)! Hh�(�).The theorem above has another interesting 
onsequen
e:Corollary. The Hirzebru
h fundamental 
lass is a topologi
al invariant.As observed above, the rational Hirzebru
h fundamental 
lass 
ontainsthe same information as the L-
lass and therefore as the rational Pontrja-gin 
lasses. As integral 
lasses there is however an essential di�eren
e: in
ontrast to the Hirzebru
h 
lass the Pontrjagin 
lasses are only de�ned forsmooth manifolds and are not topologi
al invariant. It would be interestingto understand wether the Hirzebru
h 
lass really 
arries more informationthan the rational Pontrjagin 
lasses do.
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Chapter 1StratifoldsIn this 
hapter we present the de�nition of topologi
al stratifolds and explainsome of their properties. This notion has been �rstly introdu
ed by MatthiasKre
k in 1998. Through a series of modi�
ations, the term \stratifold" has inthe meanwhile 
ome to indi
ate a di�erent 
lass of spa
es, while the originalobje
ts are now 
alled p-stratifolds. In this thesis, however, we adopt theoriginal terminology.1.1 
-ManifoldsThis se
tion is devoted to the de�nition of topologi
al 
-manifolds (
ollaredmanifolds). In 
ontrast to the 
ase of smooth manifolds, the role played bythe 
hoi
e of a 
ollar for a topologi
al manifold is not so relevant; however,it is 
onvenient to speak of topologi
al 
-manifolds in order to underline theanalogy between topologi
al and smooth stratifolds.Ex
ept where otherwise indi
ated, by a manifold we will always mean ametrizable topologi
al manifold without boundary.Let (W; �W ) be a pair of spa
es with �W 
losed in W , and denote by �Wthe open set W � �W . If Æ : �W ! (0;+1) is a 
ontinuous fun
tion, thenwe introdu
e the following notation:(�W � [0;+1))<Æ := f(x; t) 2 �W � [0;+1)jt < Æ(x)g(�W � [0;+1))�Æ := f(x; t) 2 �W � [0;+1)jt � Æ(x)g(�W � (0;+1))<Æ := f(x; t) 2 �W � (0;+1)jt < Æ(x)gDe�nition 1.1. A 
ollar is a homeomorphism 
 : V ! U where V is anopen neighborhood of �W � f0g of the form (�W � [0;+1))<Æ and U is anopen neighborhood of �W in W , so that for any x 2 �W it is 
(x; 0) = x1



2 Chapter 1. StratifoldsCollars are used in di�erential topology to glue smooth manifolds alongtheir boundary and it is known that the only relevant data of a 
ollar isits behavior in proximity of the boundary. For this reason we say that two
ollars 
 : V ! U and 
0 : V 0 ! U 0 are equivalent if there is an openneighborhood V 00 of �W �f0g with V 00 � V \V 0 and su
h that 
jV 00 = 
0jV 00.The equivalen
e 
lass of a 
ollar 
 : V ! U is 
alled germ of 
ollars andwill be denoted by [
 : V ! U ℄.If �W is 
ompa
t then every 
ollar is equivalent to one of the form 
 :�W � [0;+")! U .De�nition 1.2. An n-dimensional 
-manifold is a pair (W; �W ) where- W is a metrizable spa
e;- �W and �W are manifolds of dimension respe
tively n and n� 1together with a germ of 
ollars [
 : V ! U ℄. The manifold �W is 
alled theboundary of W .If 
 : V ! U is a representative of the germ of 
ollars of a 
-manifold W ,then we denote by � the 
ompositionU 
�1 ! V �1 ! �W:As one 
an expe
t, when speaking of maps of 
-manifolds, it is natural torestri
t the attention to those maps whi
h are 
ompatible with the 
ollars.This 
ompatibility 
ondition leads to the followingDe�nition 1.3. Let W be a 
-manifold and M a manifold. A 
ontinuousmap f : W !Mis 
alled a 
-map if there is a representative of the germ of 
ollars 
 : V ! Usu
h that for all x 2 U it holdsf(x) = f(�(x)):
-Maps have the following property.Lemma 1.4. Let f : W ! M be a 
ontinuous map from a 
-manifold to amanifold and suppose that there is a 
losed set A and an open neighborhoodU of A so that f jU is a 
-map. Then f is homotopi
 relative �W [ A to a
-map.



1.2. Stratifolds 3Another fundamental point whi
h we have to explain is when two 
-manifolds have to be 
onsidered equivalent.De�nition 1.5. Let W1 and W2 be two 
-manifolds. A homeomorphismf : W1 !W2is 
alled an isomorphism of 
-manifolds if there are representatives ofthe germs of 
ollars 
1 : V1 ! U1 and 
2 : V2 ! U2 su
h that for all (x; t) 2 V1with f(
1(x; t)) 2 U2 it holdsf(
1(x; t)) = 
2(f(x); t):If W is a 
-manifold and M is any manifold, then it is easily seen thatthe produ
t W �M is a 
-manifold with boundary �W �M .Now, let W1 and W2 be two 
-manifolds. As known from di�erentialtopology, the produ
t W1 � W2 is a manifold with 
orners and there is apro
edure to smoothen the 
orners and therewith to obtain a 
-manifold.The same argument 
an be used to prove the following lemma.Lemma 1.6. The produ
t W1 �W2 is a 
-manifold with boundary�(W1 �W2) = (�W1 �W2) [ (W1 � �W2):The last property whi
h we want to mention is the followingLemma 1.7. LetM 
 denote the 
lass of all 
-manifolds. There exists a smallsub
lass M 
0 �M 
 so that every 
-manifold is isomorphi
 to an element ofM 
0 .1.2 StratifoldsIn this se
tion we give a brief introdu
tion to the theory of the topologi
alstratifolds. The reader is referred to [Kr1℄ and [Kr2℄ for proofs and details.Let X be a topologi
al spa
e. A k-dimensional strat of X is a pair (W; f)where W is a k-dimensional 
-manifold, and f is a proper 
ontinuous mapfrom W to X su
h that f j�W : �W ! f(�W ) is a homeomorphism.The easiest non-trivial example of strat is provided by the 
one over a
ompa
t manifold. Re
all that if X is a topologi
al spa
e, then the (open)
one over X is the quotient �CX = X � [0; 1)X � f0g :and that the point 
orresponding to X�f0g is 
alled the vertex of the 
one.



4 Chapter 1. StratifoldsExample. If M is an n-dimensional 
losed manifold, then the proje
tionM � [0; 1) ! �CMis an (n + 1)-dimensional strat of �CM .Using the notion of a strat, one 
an give the followingDe�nition 1.8. An n-dimensional stratifold is a pair (X;P) where X isa topologi
al spa
e X, andP is a sequen
e of strats fWi; figi�n whi
h satisfythe following 
onditions:- Fi fi(�Wi) = X- dimWi = i- fi(�Wi) � Sj�i�1 fj(Wj)- a subset U � X is open if and only if for all i the set f�1i (U) is openin WiThe sequen
e P = fWi; fig is 
alled the parametrization of X, and therestri
tions fij�Wi are 
alled the atta
hing maps of X.For simpli
ity a stratifold (X;P) will be generally denoted just by X.If X is a stratifold, then the subspa
es�k(X) := k[i=0 fi(Wi) � X and Xk := �k(X)� �k�1(X)are 
alled respe
tively the k-th skeleton and the k-th stratum of X.A stratifold is said to be purely n-dimensional if Xn is dense in X, andit is 
alled Z=2-orientable if Xn�1 is empty.Remark. If X is a purely n-dimensional stratifold, then the 
ohomologi
aldimension of X equals n.The k-th stratum of a stratifold X is by 
onstru
tion homeomorphi
 tothe interior of Wk, and it is therefore an (eventually empty) k-dimensionalmanifold.De�nition 1.9. An n-dimensional stratifold X is 
alled orientable if it isZ=2-orientable and if the top stratum Xn is orientable. An orientation ofX is by de�nition an orientation of Xn.



1.2. Stratifolds 5A standard argument shows that the 
ollars of the manifolds Wi de�ne,for any k, a 
anoni
al germ of retra
tions�k : Vk !Xkwhere Vk is an open neighborhood of Xk in X.We now want to take a look to some 
onstru
tions whi
h play an impor-tant role in the theory of the stratifolds.Example. Let X and X 0 be two stratifolds with parametrizations respe
-tively P = fWi; fig and P 0 = fW 0i ; f 0ig.1. Any open subset U � X is a stratifold with the parametrizationPjU :=ff�1i (U); fijWi(U)g.2. If X is 
ompa
t, then the 
one �CX over X is a stratifold with theparametrizationP( �CX) := fWi( �CX); fi( �CX)g, whereWi( �CX) = � fptg for i = 0Wi�1 � [0;+1) for 1 � i � n + 1and the maps are given byfi( �CX) = � " for i = 0(fi�1 � id) [ " for 1 � i � n + 1Here " indi
ates the 
onstant map.3. For any manifold M , the produ
t X � M is a stratifold with theparametrizationP(X �M) := fWi �M; fi � idg.4. The produ
t X �X 0 is a stratifold with the parametrizationP(X �X 0) := ( Ga+b=iWa �Wb; Ga+b=i fa � f 0b) :Of 
ourse, it is of fundamental importan
e to explain the notion of iso-morphism of stratifolds. Let X and X 0 be two n-dimensional stratifolds withstrati�
ations respe
tively P = fWi; fig and P 0 = fW 0i ; f 0ig.



6 Chapter 1. StratifoldsDe�nition 1.10. An isomorphism from X to X 0 is a homeomorphism' : X !X 0together with a sequen
e of isomorphisms of 
-manifolds 'i : Wi !W 0i whi
hmake the following diagram 
ommutative for every i:X ' ! Y
Wi(X)fi" 'i!Wi(Y )gi

"
Now, let X be a topologi
al spa
e and let fUiji 2 Jg be a family of opensubsets of X with the property that every Ui is a stratifold with parametriza-tion Pi. Furthermore assume that there are isomorphisms of stratifolds ji : (Ui \ Uj;PijUi\Uj ) '! (Ui \ Uj;PjjUi\Uj ):whi
h satisfy ii = Id;  ij Æ  ji = Id;  ij Æ  jk Æ  ki = Id:Gluing together the strata of the stratifolds Ui, one proves the followingLemma 1.11. There is up to isomorphism a unique parametrization P ofX together with a family of isomorphisms�i : (Ui;PjUi) '! (Ui;Pi)so that for any i; j the diagram(Ui \ Uj;PjUi\Uj)

(Ui \ Uj;PijUi\Uj)�ijUi\Uj #  ji! (Ui \ Uj;PjjUi\Uj ):�jjUi\Uj !
ommutesThe 
lass K of the stratifolds 
an be turned into a 
ategory taking theisomorphisms as morphisms. Moreover an easy 
onsequen
e of Lemma 1.7 isthe following



1.2. Stratifolds 7Lemma 1.12. There is a small sub
lass K0 � K so that every stratifold isisomorphi
 to an obje
t in K0.Now we want to explain the notion of morphism from a stratifold to amanifold.De�nition 1.13. Let X be a stratifold and M a manifold. A morphism isa map g : X !M with the property that the 
ompositiong Æ fi : W i !Mis a 
-map for all i � n.Applying Lemma 1.4, one 
an easily show that every 
ontinuous mapX ! M is homotopi
 to a morphism. Another interesting property of mor-phisms is given by the followingLemma 1.14. Let A and B be two 
losed disjoint subspa
es of a stratifold X.Then there exists a morphism � : X ! R with �(A) = +1 and �(B) = �1.Let us �x a stratifold F and denote by Aut(F ) the group of all isomor-phisms F ! F . A morphism f : X ! M is 
alled a stratifold bundle ifthere is a stratifold F so that (X; f;M) is a lo
ally trivial bundle with �breF and stru
ture group Aut(F ) (see [St℄).As a 
onsequen
e of Lemma 1.11 we get the following result.Corollary 1.15. Let F be a stratifold. If (X; f;M) is a lo
ally trivial bundlewith �bre F and group Aut(F ), then X admits the stru
ture of a stratifoldso that f : X !M is a stratifold bundle.The notion of stratifold bundle allows to distinguish an important 
lassof stratifolds.De�nition 1.16. A stratifold X is 
alled lo
ally trivial if, for ea
h k,there is a representative �k : Vk ! Xk of the germ of retra
tions whi
h is astratifold bundle.In parti
ular:De�nition 1.17. A stratifold X is said to be lo
ally 
onelike if X islo
ally trivial and if, for any x 2 Xk, the �bre of �k over x is the 
one onsome 
ompa
t stratifold.



8 Chapter 1. StratifoldsFollowing the approa
h used in the �rst se
tion, we introdu
e now thede�nition of stratifolds with boundary or, more 
orre
tly, of 
-stratifolds.Let (X; �X) be a pair of spa
es with �X 
losed in X, and suppose that�X and �X are stratifolds.De�nition 1.18. A 
ollar is a homeomorphism
 : V ! Uwhere V is an open neighborhood of �X � f0g in �X � [0;+1) of the form(�X � [0;+1))<Æ and U is an open neighborhood of �X in X, with thefollowing two properties:- for any x 2 �X, it is 
(x; 0) = x- if �V := V \ (�W � (0; 1), and �U := U \ �X, then the restri
tion
j�V : �V ! �Uis an isomorphism of stratifolds.De�nition 1.19. An n-dimensional 
-stratifold is a pair (X; �X), where�X := X � �X as well as �X are stratifolds of dimension respe
tively n andn� 1, together with a germ of 
ollars [
 : V ! U ℄.As in the 
ase of the 
-manifolds, we only 
onsider maps of 
-stratifoldswhi
h are 
ompatible with the 
ollars. Let X be a 
-stratifold and M be anymanifold.De�nition 1.20. A map f : X !Mis 
alled a 
-morphism if f j�X and f j�X are morphisms, and furthermorethere is a representative of the germ of 
ollars 
 : V ! U su
h thatf(
(x; t)) = f(x)for all (x; t) 2 V .Next, we want to explain how to glue two stratifolds along the boundary.Let (X; �X) and (X 0; �X 0) be two 
-stratifolds and assume that there exists



1.2. Stratifolds 9an isomorphism ' : �X '�! �X 0. If Æ and Æ0 are two distan
e fun
tions on�X and �X 0 respe
tively, then we set(�X � R)�Æ<Æ0 := f(x; t) 2 �X � Rj � Æ(x) < t < Æ0('(x))g:Now, let 
 : (�X � [0;1)) Æ ! U and 
0 : (�X 0� [0;1))Æ0 be two representa-tives of the germ of 
ollars of X and X 0 respe
tively. If � is the equivalen
erelation on X [ (�X � R)�Æ<+Æ0 [X 0obtained identifying the points(x; t) � � 
(x; t) t < 0
(x;�t) t < 0then the quotient spa
e X [�X 0 is naturally de
omposed in the union of thetwo open sets A and B whi
h 
orrespond to X tX 0 and to (�X � R)�Æ<Æ0 .LetPA andPB denote the parametrizations of A and B. The 
ollars indu
ean isomorphism of stratifolds(A \ B;PAjA\B) '! (A \ B;PBjA\B)and, applying Lemma 1.11, we get a 
anoni
al parametrizationP onX[�X 0.We 
on
lude this se
tion 
omparing the de�nition of stratifold with thatof topologi
al pseudomanifold. The notion of pseudomanifold has provedto be quite useful as a model of a manifold with singularities, but it doesnot seem to be suitable to the 
onstru
tion of new homology theories asbordism theories, and for this reason we will instead work in the 
ategory ofstratifolds.De�nition 1.21. A pseudomanifold of dimension n is a para
ompa
tHausdor� spa
e X whi
h admits a �ltration by 
losed subsetsX = �n � �n�1 � �n�2 � ::: � �1 � �0su
h that for ea
h point p 2 Xi = �i � �i�1 there exists a distinguishedneighborhood N of p in X, a 
ompa
t spa
e L with a n � i � 1 dimensionalstrati�
ation, L = Ln�i�1 � ::: � L1 � L0 � L�1 = ;and a homeomorphism Ri � �CL ! Nwhi
h takes ea
h Ri � �CLj homeomorphi
ally to N \ �i+j+1.The following lemma is an immediate 
onsequen
e of the de�nitions.Lemma 1.22. Every lo
ally 
onelike stratifold is a pseudomanifold.



10 Chapter 1. Stratifolds1.3 TransversalityIn this se
tion we show how to extend the transversality theorem to the 
lassof lo
ally 
onelike topologi
al stratifolds.Transversality for manifoldsWe begin by re
alling the notion of a bi
ollar. Let (M;N) be a pair of spa
eswith N 
losed in M . If Æ1 : N ! (�1; 0) and Æ2 : N ! (0;+1) are two
ontinuous fun
tions, then we setÆ1<(N � R)<Æ2 := f(x; s) 2 N � R j Æ1(x) < s < Æ2(x)g:De�nition 1.23. A bi
ollar of N is a homeomorphism ' : V ! U whereV is an open neighborhood of N � f0g of the form Æ1<(N � R)<Æ2 and U isan open neighborhood of N in M , so that for any x 2 N it is '(x; 0) = x.Two bi
ollars ' : V ! U and '0 : V 0 :! U 0 are 
alled equivalent ifthere is an open neighborhood V 00 of N �f0g with V 00 � V \ V 0 and so that'jV 00 = '0jV 00. The equivalen
e 
lass of a bi
ollar is 
alled germ of bi
ollars.As usual, if N is 
ompa
t, then every bi
ollar is equivalent to one of the form' : N � (�";+")! U .Now, let M be a topologi
al manifold and 
onsider a 
ontinuous fun
tion� :M ! R:De�nition 1.24. A real number t 2 R is 
alled a regular value of �, if- N := ��1(t) is an (n � 1)-dimensional manifold together with a germof bi
ollars ['℄;- there exists a representant ' : V ! U of the germ of bi
ollars so thatit results �('(x; s)) = s+ tfor all (x; t) 2 V .Equivalently, we will also say that � is transversal at t.Using a very indire
t and sophisti
ated argument based on surgery theory(see [KiSi℄, [Ma℄ and [Quin℄), one 
an prove the following



1.3. Transversality 11Theorem 1.25 (The transversality theorem). Let A be a 
losed subsetof M and suppose that there is an open neighborhood O of A su
h that 0 isa regular value of �jO. Then there exists a homotopyH :M � [0; 1℄ ! Rof H(�; 0) = � so that- H(x; s) = �(x) for x 2 A and for all s 2 [0; 1℄;- 0 is a regular value of H(�; 1).Next, we want to extend the transversality theorem to the 
lass of 
-manifolds.Let � : W ! R:be a 
ontinuous 
-fun
tion from an n-dimensional 
-manifold to R.De�nition 1.26. A real number t 2 R is a regular value of �, if t is aregular value of �j�W and of �j�W .If t is a regular value of �, then Z := ��1(t) is a bi
ollared 
-submanifoldof W with boundary �Z := �W \ Z.Remark. Observe that, even though � has been assumed to be a 
-fun
tion,the transversality of �j�W at a point t does not imply automati
ally that of�j�W . A 
ounterexample is provided by the mapR4 � [0; 1) ! Y � R � [0; 1) �2 ! Rwhere Y is the non-manifold 
onstru
ted in [Bi℄.Next, we need the followingLemma 1.27. Let K � W be a 
losed set and let L � �W be another 
losedset so that K \ �W � �L (where �L denotes the interior of L). Then there isa representative of the germ of 
ollars 
 : V ! U so that it holdsx 2 K \ U =) �(x) 2 L:



12 Chapter 1. StratifoldsProof. If 
0 : V 0 ! U 0 is any representative of the germ of 
ollars, thenthere is by de�nition a 
ontinuous fun
tion Æ0 : �W ! (0;+1) su
h thatV 0 = (�W � [0;+1))<Æ0.Sin
e the proje
tion � is a 
losed map and A is 
losed, the numberm(x) := minftj(x; t) 2 Agis de�ned and for x 2 (�W � �L) \ A it holds m(x) > 0.For this reason, we 
an de�ne a fun
tion Æ over the 
losed setK[(�W��L)setting Æ(x) = � Æ0(x) if x 2 Kminfm(x)2 ; Æ0(x)g if x 2 �W � �LBy Tietze's extension theorem, Æ 
an be extended to a 
ontinuous fun
tion�W ! (0;+1), whi
h we denote again by Æ. Using this new fun
tion, weset V := (�W � [0;+1))<Æ
 := 
0jVU := 
(V )The new 
ollar 
 : V ! U is by 
onstru
tion equivalent to 
0.Finally observe that, if �(x) 2 �W � L for some x 2 U , then it must beÆ(�(x)) < minftj(x; t) 2 Ag and so x =2 A. �The transversality theorem has now the following 
onsequen
e.Corollary 1.28 (Transversality for 
-manifolds). Let� : W ! Rbe a 
-fun
tion. Furthermore assume that there is a 
losed 
-set A � W andan open neighborhood O of A su
h that 0 is a regular value of �jO. Thenthere exists a homotopy H :W � [0; 1℄ ! Rof H(�; 0) = � so that:- H(x; s) = �(x) for all x 2 A and all s 2 [0; 1℄;- the map H(�; s) is a 
-fun
tion for all s 2 [0; 1℄;- 0 is a regular value for H(�; 1).Proof. Let us 
hoose a representative of the germ of 
ollars 
 : V ! U su
hthat �(x) = �(�(x)) for all x 2 U . Sin
e W and �W are normal spa
es, thereexist two 
losed sets K � W and L � �W so that



1.3. Transversality 13- A � �K � K � O- K \ �W � �L � L � O \ �WBy assumption, 0 is a regular value of �jO\�W , and so, by Theorem 1.25,there is a homotopy h : �W � [0; 1℄ ! Rof h(�; 0) = �j�W su
h that- h(x; s) = �(x) for all x 2 L;- 0 is a regular value of h(�; 1).Now, using Lemma 1.27, we 
an �nd a representative of the germ of
ollars so that x 2 K \ U =) �(x) 2 LComposing with the proje
tion � : U ! �W , we get a homotopy h0U � [0; 1℄ � � id! �W � [0; 1℄ h ! Rwith the property thath0(x; s) = h(�(x)) = �(�(x)) = �(x):for ea
h x 2 K \ U .On the 
losed subspa
e B := K [ 
((�W � [0;+1))�Æ=2) � W we de�nea homotopy h00 setting:h00(x; s) = � �(x) if x 2 Kh0(x; s) elseThe 
-manifold W is a metrizable spa
e and so it is in parti
ular binormal(re
all that a spa
e X is 
alled binormal if the produ
t X� [0; 1℄ is a normalspa
e). A

ording to Borsuk's homotopy extension theorem (see [Sp℄), thereis an extension B � f0g ! B � [0; 1℄
�W � f0g# ! �W � [0; 1℄#

R
h00 !H 0 !� !



14 Chapter 1. Stratifoldsand the fun
tion �0 := H 0(�; 1) has the following properties:- �0 is a 
-fun
tion;- �0(x) = �(x) for all x 2 B;- 0 is a regular value of �0j�B.By 
onstru
tion �B \ �W is an open neighborhood of 
((�W � (0;+1))�Æ=3)[(A\ �W ) and so, applying the transversality theorem 1.25 to H 0(�; 1), we geta homotopy H 00 : �W � [0; 1℄ ! Rof �0j�W whi
h �xes (A [ (�W � [0;+1))�Æ=3) \ �W and su
h that 0 is aregular value of H 00(�; 1). The map H 00 extends uniquely to a homotopyH 000 : W � [0; 1℄! R with the property that H 000(�; s) is a 
-fun
tion for alls, and �nally we de�ne H as the 
omposition of H 0 with H 000. �Transversality for stratifoldsNow let us pass to the 
ategory of stratifolds.De�nition 1.29. Let � : X ! R be a morphism from an n-dimensionalstratifold X to R. A number t 2 R is 
alled a regular value of �, if- Y := ��1(t) is an (n � 1)-dimensional stratifold together with a germof bi
ollars ['℄;- there is a representative of the germ of bi
ollars ' : V ! U with�('(x; s)) = s+ tfor all (x; s) 2 V .Again, if the 
onditions above are satis�ed, we will say that � is transversalat t.Observe that if X is a purely n-dimensional oriented stratifold, then thepreimage of a regular value is automati
ally purely (n� 1)-dimensional andoriented.The proof of a general transversality theorem for stratifolds seems to beextremely 
ompli
ated, and for this reason we will restri
t our attention tothe sub
lass of lo
ally trivial stratifolds. A fundamental role is thereforeplayed by the



1.3. Transversality 15Lemma 1.30. Let � : X !M be a stratifold bundle and 
onsider a 
ontin-uous fun
tion � :M ! R. If � is transversal at zero then the map de�ned bythe 
omposition � Æ � is also transversal at zero.Proof. By de�nition, the set N := ��1(0) is a bi
ollared submanifold of M ,i.e. there is a homeomorphism ' : V ! U where V is an open neighborhoodof N � f0g in N � R and U is an open neighborhood of N in M . Now, theset E := ��1(N) is the total spa
e of the bundle�jE : E ! Nand therefore, by Corollary 1.15, E is a stratifold. Sin
e U is homeomorphi
to a spa
e of the form Æ1<(N � R)<Æ2 , we get a bundle isomorphismÆ1<(E � R)<Æ2 ! ��1(U)
U�jE � Id# =========== U�j��1(U)#whi
h de�nes a bi
ollar of E in X. �The transversality theorem for stratifolds 
an be now stated as follows.Proposition 1.31. Let X be a lo
ally trivial stratifold and let� : X ! Rbe a morphism. Moreover assume that there is a 
losed set A and an openneighborhood O of A so that 0 is a regular value of �jO. Then there exists ahomotopy H : X � [0; 1℄ ! Rof H(�; 0) = � with the following properties:- H(x; s) = �(x) for all x 2 A;- H(�; 1) is a morphism;- 0 is a regular value of H(�; 1).Proof. For simpli
ity we suppose A = ;. As explained in the previous se
tion,the assumption that X is lo
ally trivial means that, for any i, there is a



16 Chapter 1. Stratifoldsrepresentative of the germ of proje
tions �i : Vi ! Xi whi
h is a stratifold-bundle. The homotopy H will be 
onstru
ted indu
tively as the 
ompositionof a sequen
e of homotopiesHk : X � [0; 1℄ ! R;for whi
h it holds:- H0(x; 0) = �(x) and Hk+1(x; 0) = Hk(x; 1) for every x 2 X;- Hk(�; 1) is a morphism of stratifolds for any k;- there is an open neighborhood Uk of �k in X, su
h that 0 is a regularvalue of Hk(�; 1)jUk .The stratifold �0 is just a dis
rete set and thus there is a homotopyh : X0 � [0; 1℄ ! Rso that 0 is not hit by h(�; 1). Let Z0 and U0 be two open neighborhoods ofX0 with U0 � Z0 � Z0 � V0. The 
ompositionV0 � [0; 1℄ �0 � Id!X0 � [0; 1℄ h ! Rde�nes a homotopy whose restri
tion on Z0 
an be extended to a homotopyof � k : X � [0; 1℄ ! R:The map k(�; 1) is homotopi
 relative U0 to a morphism, and if l is su
h ahomotopy, then we de�ne H0 as the 
omposition of k and l.Now, suppose to have already de�ned Hk and let us 
onstru
t Hk+1. If(W; f) is the (k+1)-dimensional strat of X and if we set � := Hk(�; 1), thenit follows from the indu
tive assumptions that the fun
tion �Æf is transversalat 0 on f�1(Uk) \ �W . Applying the transversality theorem for manifolds weget a homotopy h : W � [0; 1℄ ! Rof � Æf whi
h �xes a smaller open neighborhood of the boundary and so thath(�; 1)j�W is transversal at 0. Let Zk+1 be an open neighborhood of Xk+1with Zk+1 � Vk+1 and let Bk be an open neighborhood of �k with Bk � Uk.The 
ompositionVk+1 � [0; 1℄ �k+1 � Id!Xk+1 � [0; 1℄ f�1j � Id! �W � [0; 1℄ h ! R



1.3. Transversality 17de�nes a homotopy whi
h we denote by h0.By Borsuk's homotopy extension theorem, the homotopy(Zk+1 [ Bk)� [0; 1℄ ! R(x; s) ! � h0(x; s) if x 2 Zk+1�(x) if x 2 Bk
an be extended to a homotopy of �k : X � [0; 1℄ ! R :The map k(�; 1) is homotopi
 relative an open neighborhood Uk+1 of �k+1 toa morphism and we de�ne Hk+1 as the 
omposition of k with the latter homo-topy. Finally, the transversality at zero of Hk+1(�; 1)jUk+1 is a 
onsequen
eof Lemma 1.30. �A pro
edure similar to the one used at the beginning of this se
tion toextend the transversality theorem from manifolds to 
-manifolds 
an be usedto obtain the transversality theorem in its most general form.Proposition 1.32 (Transversality for 
-stratifolds). Let� : X ! Rbe a 
-morphism and 
onsider a 
losed set A � X. Suppose that there is anopen neighborhood O of A so that 0 is a regular value of �jO. Then thereexists a homotopy H : X � [0; 1℄ ! Rof H(�; 0) = � so that- the fun
tion H(�; s) is a 
-map for all s 2 [0; 1℄;- H(x; s) = �(x), for all x 2 A;- 0 is a regular value of H(�; 1).
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Chapter 2Sheaf theoryThe aim of this 
hapter is to re
all some elements of sheaf theory and tointrodu
e some notation. The reader is referred to any standard book onsheaf theory for proofs and details (see for example [KaS
℄).2.1 Sheaves and presheavesLet X be a lo
ally 
ompa
t spa
e.De�nition 2.1. A sheaf over X is a pair (A; �) where1. A is a topologi
al spa
e2. � : A! X is a lo
al homeomorphism3. the stalk of A at x, (i.e. the set Ax := ��1(x)) is a real ve
tor spa
efor any x 2 X4. if A �A is the subset f(a; b) 2 A �Aj�(a) = �(b)g with the indu
edtopology, then the maps A�A !A(a; b) ! (a� b)and, for k 2 R, A !Aa ! k � aare 
ontinuous. 19



20 Chapter 2. Sheaf theoryFor simpli
ity we denote a sheaf (A; �) by A.For any subset U of X, we indi
ate by �(U;A) the ve
tor spa
e of the
ontinuous se
tions of (A; �).Given two sheaves A and B over X, amorphism A! B is a 
ontinuousmap whi
h 
ommutes with the proje
tions and whi
h is R-linear on the stalks.We denote by Sh(X) the 
ategory of the sheaves over X. The set Hom(A;B)of all morphisms from A to B is in natural way a ve
tor spa
e.De�nition 2.2. A presheaf over X is a 
ontravariant fun
torA : U(X) ! fR � Ve
tor Spa
esgwhere U(X) is the 
ategory whose obje
ts are the open subsets of X and withthe in
lusions as morphisms.The 
lass of all presheaves over X form a 
ategory whi
h we denote byPr(X). The fun
tor Sh(X) ! Pr(X)A ! fU 7! �(U;A)ghas a left adjoint fun
tor Pr(X)! Sh(X), whi
h is 
alled shea��
ation.Let � : A ! B be a morphism of sheaves. The shea��
ations of thepresheaves U ! Ker(�(U;A) �U�! �(U;B))and U ! Im(�(U;A) �U�! �(U;B))are 
alled respe
tively kernel and image of �.If Y is another spa
e and f is a 
ontinuous mapf : X ! Ythen the dire
t-image of A 2 Sh(X) under f is by de�nition the sheaff�A 2 Sh(Y ) asso
iated to the presheafU ! �(f�1(U);A):The dire
t-image with proper support of A under f is the sheaf f!Aobtained shea�fying the presheafU ! fs 2 �(f�1(U);A)jf jsupp(s) : supp(s)! U is properg:



2.1. Sheaves and presheaves 21The 
ategory of sheaves admits also a 
ontravariant 
onstru
tion. Let B bea sheaf over Y ; the sheaf f �B 2 Sh(X) de�ned by the pull-ba
k diagramf �B !B
X# f ! Y�#is 
alled inverse-image of B under f . In parti
ular, if f is the in
lusion ofa subset U � X, then the sheaf f �B is also 
alled the restri
tion of A and isdenoted by BjU .A sheaf A is 
alled lo
ally 
onstant if every point x 2 X has a neigh-borhood U su
h that AjU is isomorphi
 to the 
onstant sheaf with stalkAx.All 
onstru
tions presented here are fun
torial, and therefore one 
anasso
iate to a map f three fun
torsf� : Sh(X) ! Sh(Y );f! : Sh(X) ! Sh(Y );f � : Sh(Y ) ! Sh(X):Two other fundamental 
onstru
tions in sheaf theory are the tensor prod-u
t and the Hom fun
tor. If A and B are two sheaves over X, then A
Band Hom(A;B) are the sheaves obtained shea�fyingU ! �(U;A)
 �(U;B)and U ! Hom(AjU ;BjU)respe
tively. In parti
ular, for the tensor produ
t of sheaves it holds(A
B)x ' Ax 
Bxfor all x 2 X.



22 Chapter 2. Sheaf theory2.2 Complexes of sheavesDe�nition 2.3. A 
omplex of sheaves over X is a sequen
e of sheavesand morphisms of sheaves::: !An dn!An+1 dn+1 ! :::with the property that dn+1 Æ dn = 0 for ea
h n 2 Z. A 
omplex (An; dn) willbe normally indi
ated by A�.A 
omplex A� is 
alled bounded, if there exist two integers p and q su
hthat An = 0, for n < p or n > q.We denote by Cb(X) the 
ategory of bounded 
omplexes of sheaves overX; as usual in homologi
al algebra, a morphism between two 
omplexes isa sequen
e of morphisms of sheaves whi
h 
ommutes with the 
oboundaryoperators.A sheaf A will be generally identi�ed with the 
omplex 
on
entrated indegree 0.De�nition 2.4. The n-th 
ohomology sheaf of a 
omplex A� is the sheafHn(A�) = Ker dnIm dn�1asso
iated to the presheaf U !Hn(�(U;A�)):A 
omplex of sheaves is said to be 
ohomologi
ally lo
ally 
onstantif the asso
iated 
ohomology sheaves are lo
ally 
onstant.By 
onstru
tion, any morphism of 
omplexes indu
es a sheaf-morphismin 
ohomology, and in parti
ular a morphism of 
omplexes is 
alled a quasi-isomorphism if it indu
es isomorphisms in 
ohomology.The fun
tors f�, f! and f � asso
iated to a 
ontinuous map f : X ! Y 
anbe extended to fun
tors of 
omplexes of sheaves. For simpli
ity we use thesame notation to indi
ate a fun
tor on the level of sheaves and its extensionto the 
omplexes of sheaves. This 
onstru
tion produ
es thus three fun
tors.f� : Cb(X) ! Cb(Y );f! : Cb(X) ! Cb(Y );f � : Cb(Y ) ! Cb(X):



2.2. Complexes of sheaves 23The next step is to extend the fun
tors 
 and Hom to the 
ategory of
omplexes of sheaves. IfA� and B� are two 
omplexes of sheaves, then takingthe tensor produ
t one gets at �rst a double 
omplex Ap 
Bq, and one 
ande�ne an ordinary 
omplex setting (A� 
 B�)n := Lp+q=nAp 
 Bq. Thesame 
an be done for Hom, and so we get two bifun
tors
 : Cb(X)� Cb(X) ! Cb(X);Hom� : Cb(X)� Cb(X) ! Cb(X):Finally we want to explain how to shift and to trun
ate a 
omplex ofsheaves. Let A� be a 
omplex of sheaves over X and �x an integer m 2 Z.The shifted 
omplex A�[m℄ is de�ned by(A�[m℄)n := An+m(d[m℄)n := (�1)mdn+mThe trun
ated 
omplex ��mA� is by de�nition given by the sequen
e(��mA�)n := 8<: 0 for n > mKer dn for n = mAn for n > mwith 
oboundary operator(��md)n = � 0 for n � mdn for n < mA sheaf I 2 Sh(X) is 
alled inje
tive if the fun
torHom(�; I) :Sh(X) ! fR � Ve
tor Spa
esgis exa
t. A 
omplex I� 2 Cb(X) is said to be inje
tive, if it 
onsists ofinje
tive sheaves.An inje
tive resolution of a sheaf A is a quasi-isomorphismA ! I�where I� is a bounded inje
tive 
omplex of sheaves whi
h is 
on
entrated inpositive degree.If X has �nite 
ohomologi
al dimension, then every sheaf A 2 Sh(X)admits an inje
tive resolution: su
h a resolution 
an be obtained applying a
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onstru
tive method (see for example [GM2℄, Se
tion 1.5), and for this reasonwe will 
all it the 
anoni
al inje
tive resolution of A.Now, we want to explain the analogous notions for a 
omplex of sheaves.Ba de�nition, an inje
tive resolution of the 
omplex A� 2 Cb(X) is a quasi-isomorphism A� ! I�, where I� is a bounded inje
tive 
omplex.Let A� be a 
omplex of sheaves. If I� denotes the 
omplex of sheavesasso
iated to the double 
omplex obtained putting together the 
anoni
alinje
tive resolutions of the sheaves An, then the indu
ed quasi-isomorphismA� ! I� is 
alled the 
anoni
al inje
tive resolution of A�.Applying the fun
tor �(X;�) to the 
anoni
al inje
tive resolution of A�,one gets a 
o
hain-
omplex�(X; I0) ! �(X; I1) ! �(X; I2) ! :::whose n-th 
ohomology spa
e Hn(X;A�) is 
alled the n-th hyper
ohomol-ogy spa
e of X with 
oeÆ
ients in A�.It 
an be shown that the quasi-isomorphisms indu
e isomorphisms inhyper
ohomology.2.3 The derived 
ategoryMany results in sheaf theory require to identify 
omplexes of sheaves whi
hare quasi-isomorphi
. Su
h an identi�
ation 
an be realized 
onstru
ting anew 
ategory of bounded 
omplexes of sheaves whi
h is 
alled the derived 
at-egory and whi
h has the property that quasi-isomorphisms 
an be inverted.The 
onstru
tion of the derived 
ategory 
onsists essentially of two steps.From Cb(X) to Kb(X)Using the ordinary de�nition of homotopy of 
o
hain-morphism, one intro-du
es an equivalen
e relation on the set of all morphisms between two ob-je
ts. The homotopy 
ategory of bounded 
omplexes Kb(X) is then de�nedas the 
ategory whose obje
ts are the bounded 
omplexes of sheaves and withthe homotopy 
lasses of morphisms as arrows. Sin
e homotopi
 morphismsindu
e the same morphism in 
ohomology, it makes still sense to speak ofquasi-isomorphisms.From Kb(X) to Db(X)The starting point of the se
ond step is the fa
t that the 
lass of all quasi-isomorphisms build a multipli
ative system inKb(X). Lo
alizingKb(X) with
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ategory 25respe
t to the quasi-isomorphisms, one gets a 
ategory Db(X) of 
omplexesof sheaves 
alled the derived 
ategory. In order to des
ribe the morphismsin Db(X) let us 
onsider two 
omplexes A�;B� 2 Db(X) and all diagrams(in Kb(S)) of the form C�
A� s B�!where the arrow de
orated by s represents the homotopy 
lass of a quasi-isomorphism.Two diagrams C�
A� s B�!and D�
A� s B�!are equivalent if there is a 
ommutative diagram (in Kb(X))C�
A� ss E�" ! B�!

D�# !s 



26 Chapter 2. Sheaf theoryA morphism fromA� toB� is de�ned as the equivalen
e 
lass of a diagramA� s � C� ! B�.In parti
ular, two 
omplexes A� and B� are isomorphi
 in Db(X) if thereis a third 
omplex C� and two quasi-isomorphismsC�
A� s B�s !Derived Fun
torsIf A is any Abelian 
ategory and F is an exa
t fun
torF : Sh(X) !A;then there is an indu
ed fun
torDb(X) !Db(A)(An; dn) ! (F (An); F (dn))where Db(A) denotes the derived 
ategory of bounded 
o
hain-
omplexes inA. For example, the fun
tor f � asso
iated to a map f : X ! Y is exa
t andextends thus to a fun
tor Db(Y ) !Db(X):whi
h we again denote by f �.The situation is more 
ompli
ated if one tries to extend fun
tors whi
hare not exa
t (for example f� or f!). However, at least in some 
ase, thereis still the possibility to �nd a sort of best approximation. If F is left-exa
t,then this approximation is given by the right-derived fun
tor RF whi
his de�ned setting RF (A�) := F (I�);where A� ! I� is the 
anoni
al inje
tive resolution of A�. If A� ! J�is another inje
tive resolution of A�, then the identity of A� lifts to anisomorphism F (I�) ' F (J�) and so RF is up to 
anoni
al isomorphismindependent from the 
hoi
e of the resolution.
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ategory 27The higher derived fun
tors RiF are de�ned byRiF : Db(X) !AA� !H i(F (I�))Sin
e F was assumed to be left-exa
t, it follows that R0F = F .A

ording to Borel (see [Bor℄ V,5.18), the right-derived of a fun
tor F
an be 
omputed using any resolution by F -a
y
li
 sheaves. Re
all that asheaf B is 
alled F -a
y
li
 if, for i > 0, it holdsRiF (B) = 0:Dually, in order to de�ne the derived fun
tor asso
iated to a right-exa
tfun
tor, one has to 
onsider proje
tive (left)-resolutions. We do not want to
arry out this 
onstru
tion in details. Instead, we prefer to take a look atthe 
ase of the tensor produ
t, whi
h is after all the only right-exa
t fun
toro

urring in this thesis. For a sheaf A 2 Sh(X), let A 
 (�) denote theright-exa
t fun
tor Sh(X) ! Sh(X)B !A
B:As in the 
ase of a left-exa
t fun
tor, it is enough to 
onsider resolutionsby A 
 (�)-a
y
li
 sheaves, and we 
laim that every sheaf B 2 Sh(X) isA
 (�)-a
y
li
. In fa
t, if P� !Bis any proje
tive resolution of a sheaf B, then the sequen
eA
P� !A
Bis exa
t too: the algebrai
 K�unneth formula provides an identi�
ationHn(A
P�)x ' Hn(Ax 
P�x) ' Mi+j=nHi(A)x 
Hj(P�)x = 0:On the other hand, the 
omplex P� is quasi-isomorphi
 to B, and thus the
ohomology sheaf Hj(P�)x is zero for all j < 0. Consequently, for i < 0, itresults Li(A
B) = 0 and this means that B isA
(�)-a
y
li
. In parti
ularthe trivial resolution B� ! B�
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an be used to 
ompute A� L
 (�), and so there is a 
anoni
al isomorphismA� L
B� ' A� 
B�:Summarizing, if f : X ! Y is any 
ontinuous map and A� is a 
omplex,then we have the following fun
tors:Rf�(�) : Db(X) !Db(Y );f �(�) : Db(Y ) !Db(X);Rf!(�) : Db(X) !Db(Y );RHom�(A;�) : Db(X) !Db(X);A� 
 (�) : Db(X) !Db(X):2.4 Verdier dualityThe dualizing 
omplex of a topologi
al spa
e X is the 
omplex of sheavesD �X asso
iated to the 
omplex of presheaves C�U !C�p(U) := Cp(X;X � U ;R);where Cp(X;X�U ;R) denotes the spa
e of the singular p-
hains on (X;X�U). By 
onstru
tion, the 
omplex D �X vanishes in degree higher than 0 and, ifwe assume the spa
e X to be lo
ally 
ontra
tible, then the 
ohomology of thestalk of D �pX at the point x 
an be identi�ed with the lo
al homology ve
torspa
e Hp(X;X � x;R). Moreover, if X has �nite homologi
al dimension n,then the 
ohomology sheaf Hp(D �X ) vanishes for p < �n, and so there is aquasi-isomorphism ���nD �X ' ! D �X :The 
omplex ���nD �X is 
learly bounded, and 
onsequently the isomorphismabove allows to identify the dualizing 
omplex with a bounded 
omplex.Example. IfM is an n-dimensional topologi
al manifold without boundary,then the 
ohomology sheaf of D �M is lo
ally 
onstant with stalkH i(D �M )x ' � R for i = �n0 otherwise
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ular the diagram ���nD �M
D �M  H�n(D �M )[n℄!provides an isomorphism D �M '!H�n(D �M )[n℄and, using the fa
t that there is a one-to-one 
orresponden
e between orien-tations of M and trivializations of H�n(D �M ), one sees that an orientation ofM is the same as an isomorphismD �M ' ! R[n℄:For a lo
ally 
ontra
tible �nite-dimensional spa
e X, the dualizing 
om-plex D �X 2 Db(X) de�nes a fun
torDX : Db(X) !Db(X)A� !DX(A�) := RHom�(A�; D �X )whi
h is 
alled the duality fun
tor.Furthermore, ifX is 
ompa
t, then by standard homologi
al algebra thereis an isomorphismH�n(X;DA�) '! Hom(Hn(X;A�);R):Theorem 2.5 (Verdier duality). For any map f : X ! Y , the fun
torRf! has a right adjoint f ! : Db(Y ) ! Db(X)su
h that, given two 
omplexes A� 2 Db(X) and B� 2 Db(Y ), there is a
anoni
al isomorphism in Db(Y )Rf�RHom�(A�; f !B�) ' RHom�(Rf!A�;B�):The fun
tor f ! 
an be used to 
hara
terize the dualizing 
omplex: in fa
t,if f is the 
onstant map X ! pt, then there is a 
anoni
al isomorphismf !Rfptg ' D �X ;where Rpt is the sheaf over fptg with stalk R.
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tibilityLet X and Y be two pseudomanifolds. A

ording to ([GM2℄, Se
tion 1.2), amap f : X ! Yis 
alled strati�ed, if it has the following two properties:- for any 
onne
ted 
omponent S of a stratum Yk, the set f�1(S) is aunion of 
onne
ted 
omponents of strata of X;- for ea
h point p 2 Yi there exists a neighborhood N of p in �i(Y ), astratifold F and an isomorphismF �N ! f�1Nsu
h that the diagramF �N ! f�1N
N  !
ommutes.Open in
lusions, immersions of the form X ! X � R and proje
tions�j : X1 �X2 ! Xj are the most important examples of strati�ed maps.A 
omplex of sheaves A� on a stratifold X is 
alled 
onstru
tible if, forea
h j, A�j�j(X) is 
ohomologi
ally lo
ally 
onstant with �nitely generatedstalk.It 
an be shown that the dualizing 
omplex of a stratifold is 
onstru
tible.Moreover the fun
tors 
, Hom� and, if f is strati�ed, f �, f !, Rf� and Rf!preserve 
onstru
tibility.We 
on
lude this 
hapter reporting a list of standard identities taken from([GM2℄, Se
tion 1.13).Theorem 2.6. Suppose that X, Y and Z are topologi
al pseudomanifoldsand f : X ! Y is a strati�ed map, and moreover let A 2 Db(X) andB�;C�;D� 2 Db(Y ) be 
onstru
tible. Then there are natural isomorphismsin Db(X) and Db(Y ):1. D �X ' D(RX )



2.5. Constru
tibility 312. A� ' D(D(A�))3. RHom�(B� 
C�;E�) ' RHom�(B�; RHom�(C�;E�))4. DXf !B� ' f �DYB�5. DYRf!A� ' Rf�DXA�6. f �(B� 
C�) ' f �B� 
 f �C�7. f !RHom�(B�;C�) ' RHom�(f �B�; f !C�)8. If g : Y � Z ! Y is the proje
tion to the �rst fa
tor, theng�RHom�(B�;C�) ' RHom�(g�B�; g�C�)9. If g : X ! Y is the in
lusion of a subset, thenX open in Y ) g!B� ' g�B�X 
losed in Y ) Rg!A� ' Rg�B�:
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Chapter 3H-StratifoldsUsing the notion of a self-dual 
omplex of sheaves re
ently introdu
ed byMarkus Banagl, we present in this 
hapter the de�nition of H-stratifold anddis
uss some related 
onstru
tions. The notion of H-stratifolds will play afundamental role in the 
onstru
tion of Hirzebru
h homology theoryHh�(�).3.1 Self-dual 
omplexes of sheavesIn this �rst se
tion we re
all some de�nitions and fa
ts from the theory ofthe self-dual 
omplexes of sheaves (see [Ba1℄).First of all we make the following two assumptions:� all stratifolds from now on are assumed to be lo
ally 
onelike,Z=2-orientable, and purely n-dimensional.� all 
omplexes of sheaves from now on are assumed to be 
on-stru
tible.Let X be an n-dimensional stratifold with k-th skeleton �k. For anyinteger 0 � k � n, we indi
ate by Uk the open subset X � �n�k and by ikthe in
lusion Uk ,! Uk+1.As we have seen in se
tion 2.4, if M is a manifold, then an orientation ofM is the same as a trivialization of the dualizing 
omplex D �M , and we 
anuse this fa
t to reformulate the orientability of a stratifold in the languageof sheaf theory.De�nition 3.1. A stratifold X is orientable if there exists an isomorphism(
alled orientation) o : D �U2 '! RU2 [n℄:33



34 Chapter 3. H-StratifoldsA pair of the form (X; o) is 
alled an oriented stratifold.Let (X; oX) and (Y; oY ) be two oriented stratifolds. By de�nition anorientation-preserving isomorphism is an isomorphism of stratifolds whi
hrespe
ts the orientations on the top strata. Again it is 
onvenient to translatethis 
ondition in the language of sheaf theory.De�nition 3.2. An isomorphism f : X ! Y is said to be orientation-preserving if the diagramD �U2 (X) ' ! (f jU2(X))�D �U2 (Y )
RX [n℄ (f jU2(X))�oY oX !
ommutes. The top arrow of the diagram is the 
anoni
al identi�
ationD �U2 (X) ' (f jU2(X))!D �U2 (Y ) ' (f jU2(X))�D �U2 (Y ):Remark. Any open subset U � X of an oriented stratifold (X; o) is natu-rally oriented. In fa
t, if we denote by i2 the open in
lusion U \ U2 ,! U2,there is a 
anoni
al isomorphism D �U\U2 ' i!2(D �U2 ) and thus a trivializationof D �U\U2 is given by i!2(o).For simpli
ity, we will omit the orientation of a stratifold ex
ept wherene
essary and, 
onsequently, we will denote an oriented stratifold (X; o) byX. Using the terminology explained above, we 
an now introdu
e the de�ni-tion of a self-dual 
omplex of sheaves.De�nition 3.3. Let (X; o) be an oriented stratifold. A 
onstru
tible 
omplexof sheaves A� 2 Db(X) is said to be self-dual if it satis�es� (SD1): Normalization: there is an isomorphism:� : A�jU2 '! RU2 [n℄:The isomorphism � is 
alled the normalization of A�.� (SD2): Lower bound: Hi(A�) = 0, for i < �n.
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omplexes of sheaves 35� (SD3): Stalk 
ondition for the upper middle perversity n:Hi(A�jUk+1) = 0; for i > n(k)� n; k � 2:Re
all that the upper middle perversity n is de�ned setting n(k) = [k�12 ℄,for k � 2.� (SD4): Self-Duality: there is an isomorphism d : DA�[n℄ '�! A� su
hthat Dd[n℄ = (�1)nd and the diagramRU2 [n℄ �' A�jU2
D �U2o '" 'D�[n℄!DA�jU2[n℄' djU2"


ommutes.The 
lass of all self-dual 
omplexes of sheaves on a stratifoldX is a
tuallyindependent from the orientation ofX. In fa
t, if o and o0 are two orientationsof X, and A� is a self-dual 
omplex of sheaves over (X; o), then it is enoughto modify the normalization of A� to see that A� is also a self-dual 
omplexof sheaves over (X; o0). For this reason, if X is an orientable stratifold, wedenote by SD(X) the full sub
ategory of Db(X) whose obje
ts are the self-dual 
omplexes of sheaves over X for some orientation.One of the �rst properties of the self-dual 
omplexes of sheaves is givenby the followingLemma 3.4. Any open in
lusion U ,! X indu
es a fun
tori� : SD(X) ! SD(U):Proof. What we have to show is that, if A� is a self-dual 
omplex of sheavesover X (with normalization � and self-duality isomorphism d), then A�jU is aself-dual 
omplex of sheaves over U (with normalization �jU and self-dualityisomorphism djU).Axiom (SD1) is satis�ed using the isomorphism �jU . Axioms (SD2) and(SD3) are also satis�ed, sin
e i� is an exa
t fun
tor and 
ommutes thereforewith 
ohomology.



36 Chapter 3. H-StratifoldsNow, sin
e i is an open in
lusion, there is a natural equivalen
e of fun
torsi!(�) ' i�(�)and therefore it holds D(i!(�)) ' i�D(�) ' i!D(�):This 
anoni
al identi�
ation 
an be used to de�ne djU as the isomorphism:D(i!A�)[n℄ ' i!DA�[n℄ i!(d)��! i!A�Finally, in order to see that djU is a self-duality isomorphism, we observethat it holds D(i!d)[n℄ = i!(Dd[n℄) = (�1)ni!(d):and that, for this reason, the diagramsi!2(RU2 [n℄) i!2(�) i!2(A�U2)
i!2(D �U2 )i!2(o)" i!2(D�[n℄)! i!2(DA�jU2[n℄)i!2(d)"

and RU2\U [n℄ �jU A�jU\U2
D �U\U2ojU" D�jU [n℄!DA�jU\U2 [n℄djU"

are 
ommutative. �Let E� and F� be two 
omplexes of sheaves over X, and denote byHomDb(X)(E�;F�) the set of all morphisms from E� to F� in Db(X) (or,equivalently, in SD(X)).Lemma 3.5. The restri
tion on the top stratum indu
es a monomorphismHomDb(X)(E�;F�)! HomDb(U2)(E�jU2;F�jU2):
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omplexes of sheaves 37Proof. The statement follows by an iterated appli
ation of ([Ba1℄, Lemma2.2). �This lemma has the interesting 
onsequen
e that the self-duality isomor-phism is, if it exists, 
ompletely determined by the orientation and by thenormalization. In fa
t it holds theLemma 3.6. Let A� be a self-dual 
omplex of sheaves over (X; o), withnormalization � : Aj�U2 '�! RU2 [n℄. Then there is a unique self-duality iso-morphism d over A� whi
h is 
ompatible with �.Proof. If d; d0 : DA�[n℄ '�! A� are two self-duality isomorphisms, then, byLemma 3.5, one has d = d0 () djU2 = d0jU2;but, on the other hand, it holdsdjU2 = ��1 Æ o Æ (D�[n℄)�1 = d0jU2: �The last point whi
h we want to mention, is the problem of determiningthe stru
ture of the 
ategory SD(X). This problem 
an be redu
ed to thedetermination of the relation between the 
ategories SD(Uk) and SD(Uk+1).A partial answer is given by the followingTheorem 3.7 (Goreski-Ma
Pherson). If k is even, then the restri
tionfun
tor i�k : SD(Uk+1) ! SD(Uk)is an equivalen
e of 
ategories whose inverse is given by the fun
tor��m(k)�nRi�(�) : SD(Uk) ! SD(Uk+1):In order to re
onstru
t all information 
ontained in SD(X), we also needto understand the 
ase of odd k, whi
h has been investigated by Banagl inthe above 
ited work. Before we begin to present Banagl's results we haveto explain some terminology.Let A� be a self-dual 
omplex of sheaves over the open set Uk, with kodd and set s := n(k)� n.



38 Chapter 3. H-StratifoldsDe�nition 3.8. The lifting obstru
tion O(A�) is the 
omplexO(A�) := Hs(Rik�A�)[�s℄ 2 Db(Uk+1):Using the lifting obstru
tion, one 
an introdu
e the notion of a Lagrangianstru
ture on a self-dual 
omplex of sheaves.De�nition 3.9. A Lagrangian stru
ture on A� is a morphism� : L !O(A�)whi
h indu
es inje
tions H�(�) : H�(L) ! H�(O(A�)) and su
h that somedistinguished triangle on � is a null-bordism for the self-dual lifting obstru
-tion (See [Ba1℄, Def. 2.3).This de�nition is unfortunately too long and te
hni
al to be presented
ompletely in this thesis and, for this reason, the reader is referred to Banagl'swork.An alternative approa
h is suggested in ([Ba1℄, Remark 2.3). Let A� 2SD(Uk), and denote by i and j respe
tively the in
lusions Uk ,! Uk+1 and� := Uk+1 � Uk ,! Uk+1. Moreover set H := Hs(j�Ri�A�) ' O(A�)j�.By ([Ba1℄, Lemma 2.3), the self-duality isomorphism d indu
es an iso-morphism Æ : DO(A�)[n+ 1℄ '�! O(A�) and therefore a non-singular pairingH
H ! R� :A subsheaf E � H is 
alled Lagrangian if, for every x 2 �, the stalk Ex isa Lagrangian subspa
e of Hx.Lemma 3.10. The map� Lagrangian stru
turesof A� � ! � Lagrangian subsheavesof H �(L; �) ! (Hs(�)(L))j� � O(A)j�is a bije
tion.A morphism of Lagrangian stru
tures is a 
ommutative diagram inDb(Uk+1) LA �A!O(A�)
LB# �B!O(B�)O(f)#
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omplexes of sheaves 39for some f : A� ! B�.It follows from the fun
toriality of the lifting obstru
tion that the 
om-position of morphisms of Lagrangian stru
tures is well de�ned and thus thatthe Lagrangian stru
tures form a 
ategory Lag(Uk+1 � Uk).The 
ategories SD(Uk) and Lag(Uk+1�Uk) 
an be used to 
onstru
t a new
ategory whi
h is 
alled the twisted produ
t 
ategory and whi
h is denotedby SD(Uk)oLag(Uk+1�Uk). By de�nition this is the 
ategory whose obje
tsare the pairs(A�; � : L ! O(A�)) 2 SD(Uk)o Lag(Uk+1 � Uk);and whose morphisms are the pairs (f; g) with �rst 
omponent a morphismf 2 HomDb(Uk)(A�;B�) and se
ond 
omponent a 
ommutative squareLA �A!O(A�)
LBg# �B!O(B�)O(f)#IfA� is a self-dual 
omplex of sheaves on Uk+1, then there is a 
onstru
tiveway to extra
t fromA� a lagrangian stru
ture on i�kA�. This pro
edure allowsto de�ne a fun
tor � : SD(Uk+1) ! Lag(Uk+1 � Uk)and Banagl's main result 
an be thus formulated as follows.Theorem 3.11 (Banagl). The fun
tor(i�k;�) : SD(Uk+1) ! SD(Uk)o Lag(Uk+1 � Uk)is an equivalen
e of 
ategories. The inverse of (i�k;�) is denoted by �.Finally, putting this result together with Goreski-Ma
Pherson's theorem,one gets the following stru
ture theorem for the 
ategory of self-dual 
om-plexes of sheaves (see [Ba1℄, Theorem 2.10).Theorem 3.12. Let X be an n-dimensional stratifold. Then there is anequivalen
e of 
ategoriesSD(X) ' Const(U2)oLag(U4�U3)o:::oLag(Un�2�Un�3)oLag(Un�Un�1):
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tion we present the de�nition of H-stratifold and 
onsider some
onstru
tions in the 
ategory of H-stratifolds.Let X be an n-dimensional oriented stratifold.De�nition 3.13. An H-stru
ture S over X is a pair (A�; �) where A� isa self-dual 
omplex of sheaves over X and � is a normalization of A�.If S = (A�; �) is an H-stru
ture over X, then, by Lemma 3.6, there isunique self-duality isomorphism d : DA�[n℄ '�! A� whi
h is 
ompatible withthe orientation of X and with �. Consequently, we do not need to spe
ify das a part of S.De�nition 3.14. Let S1 = (A�1; �1) and S2 = (A�2; �2) be two H-stru
turesover a stratifold X. An isomorphism of H-stru
tures' : S1 !S2is an isomorphism of 
omplexes of sheaves ' : A�1 ! A�2, for whi
h thediagram A�1jU2 'jU2 !A�2jU2
RU2 �2 �1 !
ommutes.De�nition 3.15. An H-stratifold is a pair (X;S), where X is an orientedtopologi
al stratifold and S is an H-stru
ture over X.If (X;S) is an H-stratifold, then we denote by �(X;S) the H-stratifold(�X;S) obtained reversing the orientation of X and 
onsidering S as anH-stru
ture over �X.Now, let ' : X ! Y be an orientation-preserving isomorphism of strati-folds and let S = (A�; �) be an H-stru
ture on Y .Lemma/De�nition 3.16. The pair '�S = ('�A�; '��) is an H-stru
tureon X whi
h is 
alled the pull-ba
k H-stru
ture.



3.2. H-Stratifolds 41Proof. We have to 
he
k that '�A� is a self-dual 
omplex of sheaves over X.Axiom (SD1) is satis�ed with the normalization '��. Axioms (SD2) and(SD3) are satis�ed sin
e it holds respe
tivelyHi('�A�) ' '�Hi(A�)and Hi(('�A�)jUk+1(X)) ' '�Hi(A�jUk+1(Y )):Finally, axiom (SD4) is satis�ed using the self-duality isomorphismD('�A�)[n℄ ' '!(DA�[n℄) '�! '!A� ' '�A�:The reader is referred for the details to the proof of Lemma 3.4. �The previous de�nition allows us to explain the notion of isomorphism ofH-stratifolds.De�nition 3.17. Let (X1;S1) and (X2;S2) be two H-stratifolds with H-stru
ture S1 = (A�1; �1) and S2 = (A�2; �2). An isomorphism of H-stratifolds (or H-isomorphism)' : (X1;S1) '! (X2;S2)is a pair ('1; '2), where '1 : X1 '�! X2 is an orientation-preserving isomor-phism of stratifolds and '2 : S1 '�! '�1S2 is an isomorphism of H-stru
tures.An isomorphism of H-stratifolds is automati
ally 
ompatible with theself-duality isomorphisms. In fa
t it holds theLemma 3.18. For any isomorphism of H-stratifold' = ('1; '2) : (X1; (A�1; �1)) '�! (X2; (A�2; �2));the diagram DA�1[n℄ D'2[n℄' D'�1A�2[n℄ ' '�1DA�2[n℄
A�1d1 '# ''2 ! '�1A�2' '�1d2#
ommutes.



42 Chapter 3. H-StratifoldsProof. A

ording to Lemma 3.5 it holds:d1 = '�12 Æ'�1d2Æ(D'2[n℄)�1 () d1jU2 = '�12 jU2Æ'�1d2jU2Æ(D'2[n℄jU2)�1:On the other hand, one has by de�nition �1 = '�1�2 Æ'2jU2, and thus it holdsd1jU2 = ��11 Æ o1 Æ D(��11 )[n℄= '�12 jU2 Æ '�1��12 Æ o1 Æ ('�1D��12 Æ D'�12 jU2[n℄= '�12 jU2 Æ '�1(��12 Æ o2 Æ D��12 [n℄) Æ D'�12 jU2[n℄= '�12 jU2 Æ '�1d2jU2 Æ (D'2[n℄U2)�1: �The 
lass C of all H-stratifolds 
an be turned into a 
ategory with theH-isomorphisms as morphisms.- For any obje
t (X;S) there is an H-isomorphism 1(X;S) := (1X ; 1A�).- Given ('1; '2) : (X1;S1)! (X2;S2) and ('01; '02) : (X2;S2)! (X3;S3),the 
omposition is de�ned setting ('01; '02)Æ('1; '2) := ('01Æ'1; '�1('02)Æ'2)Finally, we want to explain how to realize an oriented manifold as anH-stratifold.Let M be an oriented n-dimensional topologi
al manifold. The trivialsheaf RM [n℄ is a self-dual 
omplex of sheaves with the identity as normaliza-tion and with the self-duality isomorphismD(RM [n℄)[n℄ ' DRM ' D �M '�! RM [n℄:In other words, if M denotes the 
ategory of oriented topologi
al mani-folds with the oriented isomorphisms as morphisms, there is a natural in
lu-sion of 
ategories M � ! CM ! (M; (RM [n℄; Id)):3.3 Some properties of H-stratifoldsIn this se
tion we present some 
onstru
tions whi
h will play a fundamentalrole in the 
onstru
tion of Hirzebru
h homology.



3.3. Some properties of H-stratifolds 433.3.1 Restri
tion of H-stru
turesThe �rst 
onstru
tion whi
h we want to 
onsider is the restri
tion of anH-stru
ture to an open subset.Let S = (A�; �) be an H-stru
ture over a stratifold X and let U be anopen subset of X. As we have seen in Lemma 3.4, the 
omplex of sheavesA�jU 2 Db(U) is a self-dual 
omplex of sheaves with normalization �jU . Forthis reason we 
an formulate the followingDe�nition 3.19. The H-stru
ture SjU = (A�jU ; �jU) is 
alled the restri
-tion of S to U .Open subsets of an H-stratifold will be always 
onsidered as H-stratifoldswith the indu
ed H-stru
ture.3.3.2 Disjoint union of H-stratifoldsNow we want to 
onsider the disjoint union (or topologi
al sum) of two H-stratifolds.De�nition 3.20. The disjoint union of two H-stratifolds (X1;S1) and(X2;S2) is the H-stratifold (X1 +X2;S1 + S2)where S1 + S2 := (A�1 +A�2; �1 + �2):By A�1 +A�2 we mean here the 
omplex whose n-th sheaf is the disjointunion An1 +An2 . Re
all that if, for i = 1; 2, Xi is a topologi
al spa
e and Aiis a sheaf over Xi with proje
tion �i : Ai ! Xi, then the topologi
al sumA1 +A2 is a sheaf with the proje
tion �1 + �2 : A1 +A2 ! X1 +X2.3.3.3 Produ
t stru
turesThis se
tion is devoted to the de�nition of the produ
t of an H-stratifoldwith an oriented manifold. In the se
ond part we will 
onsider the relatesproblem of determining all H-stru
tures on a bi
ollared substratifold of anH-stratifold.Let X be an n-dimensional stratifold,M an m-dimensional oriented man-ifold and denote by �i and pi the proje
tions:�1 : X �M �! X; �2 : X �M �!M



44 Chapter 3. H-Stratifoldsand p1 : U2 �M �! U2; p2 : U2 �M �!M:Lemma/De�nition 3.21. If S = (A�; �)) is an H-stru
ture over X, thenthe pair �!1S = (�!1A�; p!1�)is an H-stru
ture over X �M . The H-stratifold (X �M;�!1S) will be 
alledthe produ
t of (X;S) with M .Proof. A

ording to ([KaS
℄, Prop. 3.3.2), there are natural isomorphismsof fun
tors �!1(�) ' ��1(�)
 ��2D �Mand p!1(�) ' p�1(�)
 p�2D �M :The orientation of M indu
es thus a natural equivalen
e�!1(�) ' ��1(�)
 ��2D �M '�! ��1(�)
 RX�M [m℄ ' ��1[m℄(�)and a natural isomorphism p!1(�) '�! p�1[m℄(�):In parti
ular, the dualizing 
omplex of U2 �M is isomorphi
 to p�1D �U2 [m℄and the orientation of X indu
es an orientation of X �MoX�M : D �U2�M '�! p�1D �U2 [m℄ '�! RU2�M [m+ n℄:Now, we have to show that �!1A� is a self-dual 
omplex over X �M .� (SD1) is of 
ourse satis�ed with normalization p!1�.� In order to show that (SD2) is satis�ed, it is enough to observe thatit holdsHi(�!1A�) ' Hi(��1A�[m℄) ' ��1Hi(A�[m℄) = ��1Hi+m(A�);and that, if i < �n�m, then it results Hi(�!A�) = 0 sin
e A� satis�es(SD2).� Axiom (SD3) 
an be proved using the isomorphismHi((�!1A�)jUk+1(X�M)) ' Hi((��1A�[m℄)jUk+1�M) ' ��1Hi+m(A�jUk+1):In fa
t, if i > n(k)� (n+m), then i+m > n(k)� n and the last termis zero sin
e A� satis�es (SD3).



3.3. Some properties of H-stratifolds 45� Finally a self-duality isomorphism dX�M is given by the 
omposition:D�!1A�[m+ n℄ ' ��1DA�[n℄[m℄ '�! �!1(DA�[n℄) �!1d��! �!1A�where the se
ond isomorphism is indu
ed by oM = dM . The equalitiesDdX [n℄ = (�1)ndX and DdM [m℄ = (�1)mdM , implyDdX�M [m + n℄ = (�1)m+ndX�M :Finally, the 
ommutativity ofRU2�M [m+ n℄ (�!1A�)jU2�M
D �U2�M" ! (D�!1A�[n +m℄)jU2�M"

follows from that of p!1(RU2 [n℄) p!1(A�jU2)
p!1(D �U2 )" ! p!1(DA�jU2[n℄)"

�The produ
t of an H-stratifold with a manifold allows to de�ne a mapM � C ! C :A
tually, it is possible to generalize this 
onstru
tion to a produ
tC � C ! C :Su
h a map is however not essential in the de�nition of Hirzebru
h homology(as additive homology theory), and for this reason we prefer to postpone thetreatment of this point to Se
tion 3.6.In the se
ond part of this se
tion we want instead to restri
t our attentionto the 
ase of M = R. This 
ase is parti
ularly interesting, sin
e, in orderto de�ne the boundary operator for the Mayer-Vietoris sequen
e, we have tounderstand all possible H-stru
tures over the produ
ts of the form X � R.Let us assume R to be endowed with a �xed orientation, and denote by jand j2 the in
lusions X = X �f0g ,! X � R and U2 ,! X � R respe
tively.



46 Chapter 3. H-StratifoldsLemma 3.22. Let S = (A�; �) be an H-stru
ture over X � R. Then thereis a unique (up to isomorphism) H-stru
ture j !S over X, su
h thatS ' �!j!S:Proof. As we have seen in the proof of Lemma/De�nition 3.21, the orienta-tion of R indu
es an isomorphism �!(�) ' ��[1℄(�). Moreover, a

ordingto ([Ba1℄, Lemma 5.2), there is a natural identi�
ation ��j�(�) ' Id and
onsequently it resultsj ![1℄(�) ' j !��j�[1℄(�) ' j !�!j� ' j�(�):The H-stru
ture j!S is de�ned setting:j!S := (j!A�; j!2�):The orientation of X is here given by the isomorphism j !2(o). As usual, weonly have to show that j!A� is a self-dual 
omplex of sheaves.� (SD1) is 
lear sin
e a normalization is given byj!2(�) : j!2(A�jU2) '�! j !2(RU2 )[n℄ ' RU2\X [n� 1℄:� (SD2) and (SD3) are 
onsequen
es of the fa
t that j !A� ' j�A�[�1℄.� The self-duality isomorphism is given by the 
ompositionD(j!A�)[n� 1℄ ' j�D(A�)[n� 1℄ ' j!D(A�)[n℄ '�! j !A�:The only thing left to show is the isomorphism�!j!S ' Sbut this is a just 
onsequen
e of the fun
torial identi�
ation�!j!(�) ' ��j�(�) ' Id: �



3.4. Existen
e of a small sub
lass 473.4 Existen
e of a small sub
lassThis se
tion is devoted to the 
onstru
tion of a small sub
ategory C0 ofC whi
h has the property that every H-stratifold is isomorphi
 to an H-stratifold in C0. This 
onstru
tion is based on the followingLemma 3.23. For a �xed n-dimensional stratifold X, there is a small sub-
lass SD0(X) � SD(X) su
h that any self-dual 
omplex of sheaves over X isisomorphi
 to a 
omplex of sheaves in SD0(X).Proof. We pro
eed by indu
tion on the 
odimension of the strata of X.By de�nition, every self-dual 
omplex of sheaves on U2 is isomorphi
 to thetrivial 
omplex RU2 [n℄(o;RU2 [n℄; �) and so we 
an set SD0(U2) = Const(U2).Now, we suppose to have already de�ned SD0(Uk) and we show how to
onstru
t SD(Uk+1).- Let k be even. A

ording to Goreski-Ma
Pherson (see Theorem 3.7 ofthis thesis), the restri
tion fun
tor i�k indu
es an equivalen
e of 
ate-gories SD(Uk+1) ' SD(Uk) and the sub
lass SD0(Uk+1) 
an be de�nedas the preimage under i�k of SD0(Uk).- Now let k be odd. A

ording to Banagl (see Theorem 3.11 of thisthesis), there is an equivalen
e of 
ategories.SD(Uk+1) ' SD(Uk)o Lag(Uk+1 � Uk):By indu
tive assumption, there is a small 
lass SD0(Uk) � SD(Uk)so that every 
omplex A� 2 SD(Uk) is isomorphi
 to a 
omplex inSD0(Uk). Let Lag0(Uk+1�Uk) be the sub
lass of Lag(Uk+1�Uk) de�nedsetting:Lag0(Uk+1 � Uk) := fL � O(A�)jA� 2 SD0(Uk);L 2 Lag(Uk+1 � Uk)g:In other words an element of Lag0(Uk+1�Uk) is a Lagrangian subsheafof O(A�), for some A� 2 SD0(Uk). The 
lass Lag0(Uk+1 � Uk) is by
onstru
tion a set and, moreover, every lagrangian stru
ture is isomor-phi
 to an element of Lag0(Uk+1�Uk). In fa
t, if (L; �) is a lagrangianstru
ture over A� 2 SD(Uk), then there exist a 
omplex B� 2 SD0(Uk)and an isomorphism � : A� '�! B�. The Lagrangian stru
ture (L; �)is now isomorphi
 to (L;O(�) Æ �) and 
onsequently, sin
e the mapO(�) Æ � : L ! O(B�) indu
es an inje
tion in 
ohomology, L 
an beidenti�ed up to isomorphism with its image under O(�) Æ � (here we



48 Chapter 3. H-Stratifoldsare using the fa
t that the 
ohomology of L is 
on
entrated in degrees, and that for this reason L is 
anoni
ally isomorphi
 to Hs(L)[�s℄).Finally, SD0(Uk+1) is de�ned as the set of all 
omplexes of sheaves ofthe form A� � L for A� 2 SD0(Uk) and L 2 Lag0(Uk+1 � Uk). �A 
onsequen
e of this result and of Lemma 1.12 is theProposition 3.24. There is a small sub
ategory C0 � C of the 
ategory ofH-stratifolds so that every H-stratifold is isomorphi
 to an element of C0.Proof. Let C0 be the 
lass de�ned byC0 := f(X;S)jX 2 K0;S = (A�; �) with A� 2 SD0(X)g:If (X;S) is an H-stratifold, then we know by Lemma 1.12 that there is astratifold Y 2 K0 and an isomorphism ' : Y '�! X. The pull-ba
k 
onstru
-tion provides an H-stru
ture '�S over Y with the property that (Y; '�S)is isomorphi
 to (X;S) as an H-stratifold. Now, a

ording to Lemma 3.23,there is an isomorphism � : B� '�! '�A� with B� 2 SD0(Y ) and in parti
ularit results '�S ' T := (B�; ('jU2)�(�) Æ (�jU2)):Colle
ting these fa
ts together, we get an isomorphism(X;S) ' (Y; '�S) ' (Y; T ) 2 C0and so the only thing left to show is that the 
lass C0 is small, but this is
lear sin
e the orientations of a stratifold are a set, and the same holds forthe 
lass of all normalizations of a �xed 
omplex. �3.5 Collared H-StratifoldsIn this se
tion we introdu
e the notion of H-stratifold with boundary or,more pre
isely, of 
ollared H-stratifold.Let (X; �X) be a pair of spa
es with �X 
losed in X, and suppose that(�X;S) and (�X; �S) are two H-stratifolds of dimension n and n� 1 respe
-tively. Moreover, denote by i and j the in
lusions in X of �X and �X, andby � the proje
tion �X � (0;+1)! X.De�nition 3.25. A 
ollar is a pair (
; ') where
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 : V ! U is a 
ollar of X as a topologi
al stratifold in the sense ofDe�nition 1.18;- ' is an isomorphism of H-stratifolds' : (V � �X � f0g; (�!�S)jV ��X�f0g) '�! (U � �X;SjU��X)whose �rst 
omponent '1 is equal to 
jV��X�f0g. Here �!�S is theprodu
t stru
ture on �X � (0;+1).Two 
ollars (
; ') : V ! U and (
0; '0) : V 0 ! U 0 are said to be equiva-lent if there is an open subset V 00 � V \ V 0, su
h that (
; ')jV 0 = (
; '0)jV 00 .An equivalen
e 
lass of 
ollars is 
alled a germ of 
ollars. If �X is 
ompa
t,then it is possible to assume the 
ollar to be of 
onstant length, that is tosay of the form (
; ') : �X � [0;+")! U:De�nition 3.26. A 
ollared H-stratifold is a pair of spa
es (X; �X),where (�X;S) is an n-dimensional H-stratifold, �X is a 
losed subspa
e andan (n � 1)-dimensional H-stratifold with H-stru
ture �S, together with agerm of 
ollars [(
; ')℄. The H-stratifold (�X; �S) is 
alled the boundaryof (X; �X).Example. Let (X;S) be an H-stratifold with S = (A�; �).1. The produ
t X�[0; 1℄ is a 
ollaredH-stratifold with boundary (X;S)+(�X;S), where �X denotes the stratifold obtained reversing the ori-entation of X and the H-stru
ture on X�(0; 1) is given by the produ
tstru
ture �!S des
ribed in Se
tion 3.3.3.2. Let i denote the in
lusion of X � (0; 1) in CX. If there exists an H-stru
ture T on CX so that i�T is isomorphi
 to �!S, then (CX; T ) is a
ollared H-stratifold whose boundary is isomorphi
 to (X;S). We willsee in the next 
hapter under whi
h 
onditions su
h an H-stru
ture Texists.The H-stru
ture on the boundary of a 
ollared H-stratifold X 
an bededu
ed dire
tly from the H-stru
ture on the interior of X, as we are goingto show. In order to simplify the notation, we assume the 
ollar to be of
onstant length, but the same argument applies in the general 
ase.Using the 
ollar we 
an restri
t our attention to a spa
e of the formX � [0;+") and we denote by i, j, � the maps indi
ated in the followingdiagram.



50 Chapter 3. H-StratifoldsX � (0;+") � i !X � [0;+")
X j = j0� !� !Lemma 3.27. For any sheaf A 2 Sh(X) there is a natural isomorphismj�i���A ' A:Proof. If p denotes the proje
tion X � [0;+") ! X, then it is enough toshow p�A ' i���A:In fa
t it follows from the last isomorphism that there is an isomorphismA ' j�p�A ' j�i���A:The identity of i�p�A� indu
es by adjun
tion a morphism� : p�A ! i�i�p�A = i���Awhi
h we want to prove to be an isomorphism. For any point x 2 X and anyt < ", the stalk of p�A at (x; t) is isomorphi
 to Ax. If we take t 6= 0, thenit results (i���A)(x;t) ' Axand it is easily seen that, under this identi�
ation, it results �(a) = a.So, it remains to 
onsider the 
ase t = 0. The stalk of i���A at (x; 0) 
anbe identi�ed with Ax through the isomorphism(i���A)x ' limU3xÆ!0�(U � [0; Æ); i���A)' limU3xÆ!0�(U � (0; Æ); ��A)' limU3x�(U;A)' Ax:Let a 2 (p�A)(x;0) ' Ax and 
onsider a se
tion � : U ! A whi
h extends aon an open neighborhood of x in X. Using � we de�nes : U � [0;+") ! p�A(y; t) ! (�(y); t)



3.5. Collared H-Stratifolds 51With this notation �(a) is de�ned as the germ of sjU�(0;+") at (x; 0). Now,under the identi�
ation above, it results�(a) = limV 3xÆ!1 sjV�(0;+Æ) 7! limU3x �jV = aand 
onsequently it follows that � is an isomorphism. �Lemma 3.28. If A� ! I� is the 
anoni
al inje
tive resolution of a 
omplexof sheaves A� 2 Db(X), then the sheaves of the form ��I are i�-a
y
li
. Inparti
ular, the resolution ��A� ! ��I� 
an be used to 
ompute Ri���A�.Proof. The 
anoni
al inje
tive resolution L� ! I� 
onsists by 
onstru
tionof sheaves of the form I = Yx2XBxwhere Bx is a sheaf 
on
entrated over x. An argument analogous to thatused in the proof of ([Bor℄, V,3.13), shows that there is an isomorphism��(Yx2XBx) ' Yx2X ��Bx:Now, if ��Bx ! J�x is the 
anoni
al inje
tive resolution of ��Bx, then itfollows that the morphism��I ' ��(Yx2XBx) ' Yx2X ��Bx �!Yx2X J�xis an inje
tive resolution of ��I.What we want to prove is that the sequen
ei�(Yx2X ��Bx) ! i�(Yx2X J0x) ! i�(Yx2X J1x) ! � � �is exa
t. Sin
e dire
t images 
ommute with dire
t produ
ts, this is equivalentto show the exa
tness of the sequen
ei���Bx ! i�J0x ! i�J1x ! � � �for every x 2 X. On the other hand, it is known that exa
tness has to be
he
ked on the stalks. The exa
tness on the stalk over (y; t) is 
learly satis�edfor y 6= x or t 6= 0, and thus we only have to 
onsider the 
ase (y; t) = (x; 0).For any open neighborhood U in X of the point x, the diagram of ve
torspa
es



52 Chapter 3. H-Stratifolds�(U � [0;+"); i���Bx) ! �(U � [0;+"); i�J0x) ! :::
�(U � (0;+"); ��Bx)

wwwwwwwww ! �(X � (0; ");J0x)
wwwwwwwww ! :::is 
ommutative and thus the p-th 
ohomology spa
e of the upper row is iso-morphi
 to Hp(X� (0; "); ��Bx). Now, applying the Vietoris-Begle theorem,we get an isomorphismHp(X � (0; "); ��Bx) ' Hp(X;Bx):Finally, sin
e Bx is an a
y
li
 sheaf, it resultsHp(X;Bx) = � �(X;Bx) for p = 00 for p > 0and therefore the sequen
e above is exa
t. �Let A� 2 Db(X) be a 
omplex of sheaves and denote by A� '�! I� its
anoni
al inje
tive resolution. A

ording to Lemma 3.28, the resolution��A� '�! ��I� 
onsists of i�-a
y
li
 sheaves and 
an be therefore used to
ompute Ri�. So, it follows that there is an isomorphismj�Ri���A� ' j�i���I�:We have showed in Lemma 3.27 that the natural map j�i���I� ! I� is anisomorphism, and 
onsequently we get an isomorphismj�Ri���A� ' I� ' A�:Now, it is showed in ([Ba1℄, Lemma 4.1), that there is an equivalen
e offun
tors j�Ri���(�) ' j!Ri!��(�)[1℄and thus, for any 
omplex of sheaves A� 2 Db(X), we get an isomorphismA� '! j!Ri!�!A�:In parti
ularCorollary 3.29. Let X be a 
ollared H-stratifold with boundary (�X; �S)and denote by i and j the in
lusions of �X and of �X in X. If S = (A�; �)is the H-stru
ture on �X, then there is an isomorphism(�X; �S) ' (�X; ÆS)where ÆS = (j !Ri!A�; j!2Ri2!(�)) is the H-stru
ture on the boundary de�nedin ([Ba1℄, Se
tion 4.2).



3.5. Collared H-Stratifolds 533.5.1 Gluing two H-stratifolds along the boundaryWe show here how to glue two H-stratifolds whose boundary is isomorphi
.As known from bordism theory, su
h a 
onstru
tion plays a fundamental rolein the proof of the transitivity of bordism.Let X be an n-dimensional oriented stratifold, Y1 and Y2 be two opensubsets su
h that X = Y1 [ Y2 and assume Y1 and Y2 endowed with theindu
ed orientations.Lemma 3.30. Let S1 = (B�1; �1) and S2 = (B�2; �2) be two H-stru
turesover Y1 and Y2 and furthermore suppose that there is an isomorphism ofH-stratifolds ' : (Y1 \ Y2;S1jY1\Y2) ! (Y1 \ Y2;S2jY1\Y2):Under these assumptions there is up to isomorphism a unique H-stru
tureS = (A�; �) over X together with isomorphisms  j : SjYj ! Sj whi
h makethe diagram S1jY1\Y2 'j ! S2jY1\Y2
SjY1\Y2  2j ! 1j 


ommute.Proof. An H-stru
ture 
onsists essentially of a self-dual 
omplex of sheavesand we will show how to de�ne su
h a 
omplex of sheaves by 
onstru
ting in-du
tively a sequen
e of 
omplexes A�k 2 SD(Uk) together with isomorphisms( j)Uk : A�kjUk\Yj '�! B�j jUk(Yj):Let us write  j instead of ( j)Uk in order to simplify the notation.For k = 2, let us set A�2 := RU2 [n℄ 2 SD(U2):The isomorphisms  1 and  2 
an be easily de�ned setting  j := ��1j and the
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ommutativity of the diagramB�1jU2(Y1\Y2) 'j ! B�2jU2(Y1\Y2)
A�jY1\Y2  2j ! 1j 

is now just a 
onsequen
e of the de�nition of isomorphism of H-stru
tures.Now, assume to have already de�ned A�k 2 SD(Uk),  1, and  2, and
onsider the in
lusions i : Uk ,! Uk+1i0 : Uk(Y1 \ Y2) ,! Uk+1(Y1 \ Y2)j : � = Uk+1 � Uk ,! Uk+1In order to de�ne A�k+1 we have to distinguish two 
ases.� For k even, we setA�k+1 := ��m(k)�nRi�A�k 2 SD(Uk+1):The fun
tor ��m(k)�nRi�(�) is by ([GM2℄) the inverse of i� : SD(Uk+1) !SD(Uk), and 
onsequently A�k+1 is a self-dual 
omplex of sheaves over Uk+1.The isomorphisms ( j)Uk+1 are de�ned through the 
ompositionA�k+1jYj = (��m(k)�nRi�B�)jUk+1(Yj) ��m(k)�nRi�( j)' ! B�j jUk+1(Yj):� Consider now the 
ase k odd. By Banagl's main result (see Theorem3.11), there are two natural isomorphismsB�1jUk+1(Y1) ' B�1jUk(Y1) � �(B�1) and B�2jUk+1(Y2) ' B�2jUk(Y2) � �(B�2)where �(B�j) = (Lj; �j) is the \
anoni
al" Lagrangian stru
ture over (B�j)jUk.Identifying B�j jUk with A�jUk(Yj) through the isomorphism  j, one has(B�j)jUk+1 ' (A�jUk(Yj))� �(B�j):On the other hand, restri
ting ' to Uk+1(Y1\Y2) one obtains an isomorphismB�1jUk(Y1\Y2) � �(B�1)jUk+1(Y1\Y2) (i0�';�(�))' !B�2jUk(Y1\Y2) � �(B�2)jUk+1(Y1\Y2):



3.5. Collared H-Stratifolds 55By the indu
tive assumption, the diagramB�1jUk(Y1\Y2) i0�' !B�2jUk(Y1\Y2)
A�kjUk(Y1\Y2)  2j ! 1j 


ommutes, and this allows to identify 'jUk+1(Y�1\Y2) with the isomorphismL1jUk+1(Y1\Y2) �1!O(A�kjY1\Y2)
L2jUk+1(Y1\Y2)� '# �2!O(A�kjY1\Y2)1#If we set H = Hsj�O(A�jk) and Ej = Hsj�(Lj)jUk+1(Y1\Y2), then we get adiagram E1jY1\Y2 
1!HjY1\Y2

E2jY1\Y2� '# 
2!HjY1\Y21#Now, we 
an glue the shaves E1 and E2 through � and we obtain thus a sheafE; the maps 
1 and 
2 extend to an inje
tion 
 : E ,! H. The image 
(E)is a Lagrangian subsheaf and, by Lemma 3.10, this determines a Lagrangianstru
ture (L; �) over A�k su
h that, for j = 1; 2, there is an isomorphism(L; �)jUk+1(Yj) ' �(B�j). The 
omplex A�k+1 is �nally de�ned by settingA�k+1 := A�k � (L; �):The isomorphisms ( j)Uk+1 : A�k+1jYj '�! B�j jUk+1(Yj)are de�ned through the 
ompositionsA�k+1jYj ' A�jUk(Yj) � (L; �)jUk+1(Yj) ' B�j jUk(Yj) � �(Bj) ' B�j jUk+1(Yj): �



56 Chapter 3. H-StratifoldsThe pre
eding lemma allows to prove the following result.Proposition 3.31. Let (X;S) and (X 0;S 0) be two H-stratifolds, and supposethat there is an orientation-reversing isomorphism'j : (�X; �S) '! (�X 0; �S 0):Then there is up to isomorphism a unique H-stru
ture over X [�X��X0 X 0whi
h restri
ts to S over X and to S 0 over X 0.Proof. The stratifold X[X 0 is naturally de
omposed in the union of the twoopen sets Y1 := �X [ �X 0Y2 := �X � (�";+"):Both Y1 and Y2 are naturally endowed with an H-stru
ture and these twostru
tures are isomorphi
 if restri
ted on the interse
tion. Applying the pre-vious lemma, we 
an thus obtain an H-stru
ture over X [X 0 whi
h extendsS and S 0. �3.6 The produ
t of two H-stratifoldsAs we have showed in Se
tion 3.3.3, the produ
t of an H-stratifold with anoriented manifold de�nes a fun
tionM � C ! C :The aim of this se
tion is to show that this 
onstru
tion 
an be extended toa multipli
ation C � C ! C :Consider two oriented stratifolds X1 and X2 of dimension m and n re-spe
tively, and let �1, �2 denote the proje
tions of X1 �X2 to the �rst andse
ond fa
tors. For i = 1; 2, 
onsider furthermore the map pi de�ned by therestri
tion of �i to the top stratum U2(X1 �X2) = U2(X1)� U2(X2).A 
entral role in the de�nition of the produ
t-stru
ture is played by thetensor produ
t of 
omplexes of sheaves. It is perhaps 
onvenient to re
allhere that, if A� and B� are 
omplexes of sheaves of real ve
tor spa
es, then,by ([GM2℄, Se
tion 1.9) (see also Se
tion 2.3 of this thesis), there is an iso-morphism A� L
B� ' A� 
B�:



3.6. The produ
t of two H-stratifolds 57Using ([Bor℄, Corollary V,10.26), an orientation of X1�X2 is indu
ed bythe orientations of X1 and X2 through the isomorphism:D �X1�X2 ' ��1D �X1 L
 ��2D �X2 :In fa
t, if o1 and o2 are the orientations of X1 and X2 respe
tively, thenp�1o1 L
 p�2o2 indu
es an isomorphism(D �X1�X2)jU2(X1�X2) ' p�1(D �X1 jU2(X1)) L
 p�1(D �U2 (X2))'�! p�1(RU2 (X1)[m℄) L
 p�2(RU2 (X2)[n℄)' RU2 (X1�X2)[m℄ L
 RU2 (X1�X2)[n℄' RU2 (X1�X2)[m+ n℄:Now, let S1 = (A�1; �1) and S2 = (A�2; �2) be two H-stru
tures over X1and X2 respe
tively.Lemma/De�nition 3.32. The pairS1 � S2 := (��1A�1 L
 ��2A�2; p�1�1 L
 p�2�2)is an H-stru
ture over X1 �X2 whi
h is 
alled the produ
t H-stru
ture.The H-stratifold (X1 �X2;S1 � S2)is 
alled the produ
t of (X1;S1) with (X2;S2).Proof. Observe �rst of all that, for p = (x1; x2) 2 X1 �X2, it holds(Hi(��1A�1 L
 ��2A�2))p ' Hi((��1A�1 L
 ��2A�2)p)' Hi((��1A�1)p L
 (��2A�2)p)' Hi((A�1)x1 L
 (A�2)x2)' Ma+b=jHa((A�1)x1)
Hb((A�2)x2) (3.1)where the last step is a 
onsequen
e of the algebrai
 K�unneth formula. A
-
ording to ([Bor℄, V,10.25), if L�1 2 Db(X1) and L�2 2 Db(X2) are two 
on-stru
tible 
omplexes of sheaves, then there is an isomorphism��1DXA� L
 ��2B� ' RHom�(��1A�; �!2B�):



58 Chapter 3. H-StratifoldsNow, let us show that ��1A�1 L
��2A�2 2 Db(X1�X2) is a self-dual 
omplexof sheaves. Axiom (SD1) is of 
ourse satis�ed with the normalizationp�1�1 L
 p�2�2:Axioms (SD2) and (SD3) 
an be 
he
ked looking at the stalks and usingFormula 3.1. Sin
e bothA�1 andA�2 satisfy (SD2), it follows, for i < �m�n,Hi(��1A�1 L
 ��2A�2) = 0;and so ��1A�1 L
��2A�2 satis�es (SD2). In order to show (SD3), let us 
onsideran integer k � 2 and a point p = (x1; x2) 2 Uk+1(X1�X2). The stru
ture ofstratifold on the produ
t spa
e X1�X2 has the property that for any integerk � 2 there exists a partition of k of the form k = �+�, so that x1 2 U�(X1)and x2 2 U�(X2). Now, for any i > n(k)�m�n and any partition a+ b = i,it results a + b > n(k)�m� n � n(�) + n(�)�m� nand so it must also holda > n(�)�m or b > n(�)� n:On the other hand, A�1 and A�2 satisfy (SD3), and 
onsequently it must be(Ha(A�1))x1 = 0 or (Hb(A�2))x2 = 0:Finally, using Formula 3.1, we obtain:(Hi(��1A�1 L
 ��2A�2))p ' Ma+b=i(Ha(A�1))x1 
 (Hb(A�2))x2 = 0:The last to point to prove is the existen
e of a self-duality isomorphismd : D(��1A� L
 ��2A�2)[m+ n℄ ! ��1A� L
 ��2A�2:Using (among other fa
ts) the identity provided by ([Bor℄, Theorem V,10.25),we de�ne d as the 
omposition of isomorphisms
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D(��1A�1 L
 ��2A�2) = RHom�(��1A�1 L
 ��2A�2; D �X1�X2)' RHom�(��1A�1 L
 ��2A�2; ��1D �X1 L
 ��2D �X2 )' RHom�(��1A�1; RHom�(��2A�2; ��1D �X1 L
 ��2D �X2 ))' RHom�(��1A�1; RHom�(��2A�2; ��1(DX1RX1 ) L
 ��2D �X2 ))' RHom�(��1A�1; RHom�(��2A�2; RHom�(��1RX1 ; �!2D �X2 )))' RHom�(��1A�1; RHom�(��2A�2; RHom�(RX1�X2 ; �!2D X2 )))' RHom�(��1A�1; RHom�(��2A�2; �!2D �X2 )) '' RHom�(��1A�1; �!2RHom�(A�2; D �X2 )) '' RHom�(��1A�1; �!2(DX2A�2[n℄))[�n℄'�! RHom�(��1A�1; �!2A�2)[�n℄' ��1(DX1(A�1)[m℄) L
 ��2A�2[�m � n℄'�! ��1A�1 L
 ��2A�2[�m� n℄: (3.2)The 
ompatibility of d with the orientation of X1�X2 and with the normal-ization of ��1A�1 L
 ��2A�2 follows from the naturality of the 
onstru
tion. �Remark. The produ
t de�ned above is really an extension of the 
onstru
-tion given in Se
tion 3.3.3. In fa
t, if the se
ond fa
tor X2 is an orientedn-dimensional manifold (with the trivial sheaf as a self-dual 
omplex ofsheaves), then the identi�
ation �!1 ' ��1[n℄ provides an isomorphism�!1A�1 ' ��1A�1[n℄ ' ��1A�1 L
 RX1�X2[n℄ ' ��1A�1 L
 ��2(RX2 [n℄)and the statement is 
onsequently proved.The produ
t of two H-stratifolds 
an be extended to the 
ase that one ofthe fa
tors is a 
ollared H-stratifold.Lemma/De�nition 3.33. Let (X1;S1) be an H-stratifold and let (X2; �X2)be a 
ollared H-stratifold. Then the produ
t X1 �X2 is naturally endowedwith the stru
ture of a 
ollared H-stratifold whose boundary is isomorphi
 to(X1;S1)� (�X2; �S2).



60 Chapter 3. H-StratifoldsFinally, we state without proof two essential properties of the produ
t ofH-stratifolds.Lemma 3.34. Let (X1;S1), (X2;S2) and (X3;S3) be three H-stratifolds (withpossibly non-empty boundary).- The swit
h map indu
es an isomorphism(X1;S1)� (X2;S2) '! (�1)dimX1�dimX2(X2;S2)� (X1;S1):- There is a 
anoni
al isomorphism((X1 � S1)� (X2;S2))� (X3;S3) '! (X1;S1)� ((X2;S2)� (X3;S3)):



Chapter 4Hirzebru
h homologyThis 
hapter is devoted to the 
onstru
tion of the Hirzebru
h homology fun
-tor Hh�(�) and to the investigation of some of its properties. In parti
ularwe show that Hh�(�) is a multipli
ative homology theory and we 
omputeits 
oeÆ
ients.4.1 The fun
tor Hh�(�)The fun
tor Hh�(�) is de�ned in this se
tion as the bordism theory asso
i-ated to the 
lass of H-stratifolds. As we have seen in the previous 
hapter, anH-stratifold is a pair (X;S) where X is a stratifold and S is an H-stru
tureover X. From now on, it is 
onvenient to simplify the notation, and we dothis by indi
ating an H-stratifold by its underlying stratifold.Let X be any topologi
al spa
e.De�nition 4.1. An n-dimensional singular H-stratifold over X is a pair(S; f) where S is an n-dimensional 
losed H-stratifold andf : S !Xis a 
ontinuous map.For any integer n, we denote by C n(X) the 
lass of all n-dimensionalsingular H-stratifolds over X.De�nition 4.2. Two elements (S; f); (S 0; f 0) 2 C n(X) are said to be iso-morphi
 if there is an isomorphism of H-stratifolds' : S ' ! S 061
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h homologysu
h that, if '1 denotes the �rst 
omponent of ' (see De�nition 3.17), thenthe following diagram 
ommutesS '1 ! S 0
Xf # f 0 If (S; f) is a singular H-stratifold, then we denote by �(S; f) the singularH-stratifold (�S; f), where �S is the H-stratifold obtained reversing theorientation of S.The disjoint union of H-stratifolds 
an be extended to the 
lass of thesingular H-stratifolds setting:+ : C n(X)� C n(X) ! C n(X)((S; f); (S 0; f 0)) ! (S + S 0; f + f 0)This notation allows to introdu
e the following de�nition.De�nition 4.3. Two singular H-stratifolds (S; f); (S 0; f 0) 2 C n(X) are
alled bordant, if there exists a pair (T; g) where T is a 
ollared 
ompa
tH-stratifold and g is a map T ! X so that(�T; gj�T ) ' (S; f) + (�S 0; f 0):If (S; f) and (S 0; f 0) are two bordant pairs, then we write(S; f) � (S 0; f 0):Lemma 4.4. � de�nes an equivalen
e relation on C n(X).Proof. All tools used to prove that the bordism relation is an equivalen
erelation in the 
lassi
al 
ase of manifolds, are available in the 
ategory ofH-stratifolds and therefore the usual argument 
an be applied. �Remark. Observe that isomorphi
 pairs are automati
ally bordant.Sin
e � is an equivalen
e relation, it makes sense to 
onsider the quotient
lass Hhn(X) := f[S; f ℄ j (S; f) 2 C n(X)g



4.1. The fun
tor Hh�(�) 63where [S; f ℄ is the equivalen
e 
lass determined by (S; f). By Lemma 3.24,for any element (S; f) 2 C n(X) there exists a pair (S 0; f 0) ' (S; f) withS 0 2 C0. In parti
ular the fun
tionf(S; f) j S 2 C0g �Hhn(X)is surje
tive and, sin
e the sour
e 
lass is a set, it results that Hhn(X) is aset too.Lemma 4.5. Hhn(X) is a 
ommutative group with the operation de�ned bythe disjoint union.Proof. The disjoint union de�nes an operation+ : Hhn(X)�Hhn(X) !Hhn(X)([S; f ℄; [S 0; f 0℄) ! [S + S 0; f + f 0℄whi
h is asso
iative and 
ommutative. The neutral element of the groupis the bordism 
lass [;; ;℄, while the inverse of a 
lass [S; f ℄ is provided by�[S; f ℄ := [�S; f ℄. �De�nition 4.6. The Abelian group Hhn(X) is 
alled the n-th Hirzebru
hhomology group of X.If g : X ! Y is any 
ontinuous map, then we 
an asso
iate to g a grouphomomorphism g� : Hhn(X) !Hhn(Y )[S; f ℄ ! [S; g Æ f ℄:In parti
ular, this assignment allows to de�ne a fun
torHh�(�) :Top ! AbZX !Hh�(X) :=Mn Hhn(X)where AbZ denotes the 
ategory of graded Abelian groups.Furthermore, observe that the fun
torM ! Cfrom Se
tion 3.2 de�nes a natural transformation
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h homology
TOP� (�) !Hh�(�):In the �nal part of this se
tion we want to dis
uss the existen
e of amultipli
ative stru
ture on the fun
tor Hh�(�).If X and Y are two topologi
al spa
es, then the produ
t of H-stratifoldsde�ned in Se
tion 3.6 allows to 
onstru
t a natural homomorphism� : Hhm(X)
Hhn(Y ) !Hhm+n(X � Y )[S; f ℄
 [S 0; f 0℄ ! [S � S 0; f � f 0℄The 
ommutativity (in graded sense), the asso
iativity of � and the dis-tributivity of � with respe
t to + are 
onsequen
es of analogous propertiesof the produ
t of H-stratifolds (see Lemma 3.34). In parti
ular, Hh�(pt)is a graded 
ommutative ring with unit. Finally, observe that the multi-pli
ative stru
ture of Hh�(�) is 
ompatible with the natural transformation
TOP� (�)! Hh�(�) des
ribed above.4.2 Some properties of Hh�(�)It has been proved by Kre
k that the bordism of smooth oriented stratifolds isa homology theory. Using the ma
hinery developed in the previous 
hapter,we 
an reprodu
e Kre
k's argument in the 
ategory of H-stratifolds. Inparti
ular, we show that the fun
tor Hh�(�) is a homology theory too.We begin by dis
ussing the homotopy invarian
e of Hh�(�). Let X andY be topologi
al spa
es.Lemma 4.7. If g; g0 : X ! Y are homotopi
 maps, then it resultsg� = g0� : Hh�(X) !Hh�(Y ):The proof is identi
al to the usual one, and will be therefore omitted.The next point whi
h we need to 
onsider is the 
onstru
tion of the bound-ary operator for the Mayer-Vietoris sequen
e.Let U and V be open subsets of a spa
e X and set A := X � V andB := X � U . For a singular H-stratifold (S; f) 2 C n(X), the subspa
es



4.2. Some properties of Hh�(�) 65AS := f�1(A) and BS := f�1(B) are 
losed and disjoint, and for this reasonthere is a morphism � : S ! Rwith �(AS) = +1 and �(BS) = �1.Applying the transversality theorem (see Theorem 1.31), one gets a ho-motopy of � relative to AS [ BSh : S � [0; 1℄ ! Rwith the property that 0 is a regular value of � = h(�; 1). The subsetT := ��1(0) � S is an (n� 1)-dimensional stratifold and there is a bi
ollari : Z � (�";+") � ! Ssu
h that �(i(x; t)) = t. We indi
ate by j : Z ! Z � (�";+") the in
lusionx 7! (x; 0) and by � : Z � (�";+")! Z the proje
tion on the �rst fa
tor.Sin
e i is an open embedding, the H-stru
ture of S 
an be pulled ba
kto an H-stru
ture i�S over Z� (�";+") (see De�nitions 3.16 and 3.19) and,by Lemma 3.22, there exists a unique H-stru
ture T = j!i�S over Z so thatit holds �!T ' i�S:Finally, if Z denotes the H-stratifold (Z; T ), we de�ned : Hhn(U [ V ) !Hhn�1(U \ V )[S; f ℄ ! [Z; f jZ℄:Lemma 4.8. The boundary operator d is well de�ned.Proof. Consider a bordism (T; g) from (S; f) to (S 0; f 0) and de�ne AT :=g�1(A) and BT := g�1(B). The morphisms � and �0 
an be extended to a
-fun
tion � : T ! R mapping AT to +1 and BT to �1. Furthermore we 
anextend h and h0 to a homotopy H : S � [0; 1℄ ! R. By the transversalitytheorem we get now a homotopyK : T � [0; 1℄ ! Rof H(�; 1) (relative to �T [ AT [ BW ), so that 0 is a regular value of � :=K(�; 1). Finally, a bordism between (Z; f jZ) and (Z 0; f 0jZ0) is provided by��1(0). �The boundary operator 
ommutes by 
onstru
tion with the indu
ed maps.Moreover it holds the
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h homologyProposition 4.9 (Mayer-Vietoris sequen
e). The sequen
e of 
ommu-tative groups� � � ! Hhn(U\V )! Hhn(U)�Hhn(V )! Hhn(U[V )! Hhn�1(U\V )! � � �is exa
t.The proof of the exa
tness of the Mayer-Vietoris sequen
e is 
ompletelyanalogous to that in [Kr1℄, and will be therefore omitted.A 
onsequen
e of the pre
eding result and of the homotopy invarian
e ofHh�(�) is the followingCorollary 4.10. The fun
tor Hh�(�) is a multipli
ative homology theoryand there is a natural transformation of multipli
ative homology theories
TOP� (�) !Hh�(�):4.3 The 
oeÆ
ients of Hh�(�)In this se
tion we show that the signature of an H-stratifold de�ned byBanagl allows to 
onstru
t a ring isomorphism Hh�(pt) ' Z[t℄, were thedegree of the variable t is equal to 4.Let S be a 
ompa
t (4k)-dimensional H-stratifold and denote by S =(A�; �) the H-stru
ture of S.The self-duality isomorphism d : DA�[4k℄ '�! A� indu
es by Verdier du-ality an isomorphism in hyper
ohomologyH�2k(S;A�) ' H�2k(S;DA�[4k℄) ' H2k(S;DA�) ' Hom(H�2k(S;A�);R)or, equivalently, a non-degenerate symmetri
 bilinear formH�2k(S;A�)
H�2k(X;A�) ! R:Following Banagl, we 
all the index of this pairing the signature of S.If the dimension of S is not divisible by 4, one sets sig(S) = 0.The following three properties of the signature 
an be easily dedu
ed fromthe de�nitions.1. sig(S + S 0) = sig(S) + sig(S 0);2. sig(�S) = �sig(S);



4.3. The 
oeÆ
ients of Hh�(�) 673. if S and S 0 are isomorphi
 H-stratifolds, it resultssig(S) = sig(S 0):Moreover, the signature is multipli
ative with respe
t to the produ
t ofH-stratifolds.Proposition 4.11. If S1 and S2 are two H-stratifolds then it holdssig(S1 � S2) = sig(S1) � sig(S2):Proof. Let S1 = (A�1; �1) and S2 = (A�2; �2) denote the H-stru
ture on S1and S2 respe
tively. It follows from ([Bor℄, Theorem V,10.19) that there isan isomorphism of 
omplexes of real ve
tor spa
es�(S1;A�1) L
 �(S2;A�2) ' �(S1 � S2; ��1A�1 L
 ��2A�2);and so, by the algebrai
 K�unneth formula, there is an isomorphismHk(S1 � S2; ��1A�1 
 ��2A�2) ' Mi+j=kHi(S1;A�1)
Hj(S2;A�2):Finally, one 
an apply the usual argument used to show the multipli
ativityof the signature of a manifold. �Another fundamental property of the signature is given by the next propo-sition.Proposition 4.12. If S is a (4k + 1)-dimensional H-stratifold, then thesignature of �S is zero.Proof. Let S and �S denote the H-stru
ture of �S and �S respe
tively. ByLemma 3.29, there is an isomorphism of H-stratifolds(�S; �S) ' (�S; ÆS)where ÆS is the H-stru
ture de�ned in ([Ba1℄, Se
tion 4.2). In parti
ular,sin
e sig(�S; ÆS) is zero by ([Ba1℄, Corollary 4.1), it resultssig(�S; �S) = sig(�S; ÆS) = 0: �
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h homologyThe proposition above has the interesting 
onsequen
e that the signature
an be used to de�ne a homomorphism of graded rings
 : Hh�(fptg) ! Z[t℄[S℄ ! sig(S) � tdimS=4where the degree of the variable t is 4.Remark. If M is a 4k-dimensional 
ompa
t oriented manifold, one hasH�2k(X;RM [4k℄) = H2k(X;R)and it follows that the signature of M (as an oriented manifold) equals thesignature of (M;RM [4k℄; Id) (as an H-stratifold). In parti
ular, if we denoteby � the ring homomorphism
TOP� ! Z[t℄[M ℄ ! sig(M) � tdimM=4where sig(M) is the signature ofM as an oriented manifold, then the diagram
TOP� (pt) !Hh�(pt)
Z[t℄� # 
 
ommutes.The ring homomorphism 
 plays a fundamental role in the 
omputationof the 
oeÆ
ients of Hh�(�). In fa
t we have theProposition 4.13. The ring homomorphism 
 is an isomorphism.Proof. We begin by dis
ussing the surje
tivity of 
. A

ording to the remarkabove, the signature of [C P 2n ℄ is equal to 1 and therefore it results
([C P 2n ℄) = tnfor any n 2 N .



4.3. The 
oeÆ
ients of Hh�(�) 69So, it remains to prove that 
 is inje
tive. The strategy is to show that, ifS is a 
ompa
t n-dimensional H-stratifold with 
(S) = 0, then there existsan H-stru
ture on the 
one over S, so that S ' �(CS).The 
ondition 
(S) = 0 is equivalent to sig(S) = 0 and furthermore, sin
ethe 
ase n = 0 is trivial, we 
an assume the dimension of S to be stri
tlypositive. Let v be the vertex point of CS, and denote by �, i and j the mapsindi
ated in the diagram:S � (0; 1) �i ! �CS  j � fvg
S�#Using the notation introdu
ed in Se
tion 3.1, one hasUn+2 = S � (0; 1) and Un+3 = �CS:We have already seen in Se
tion 3.5 that the problem is to extend the produ
tstru
ture (�!A�; p!�)over S � (0; 1) to an H-stru
ture over �CS. If n is odd, this 
an always bedone applying Theorem 3.7 and so it is enough to 
onsider the 
ase n = 2m.Now, sin
e we have supposed sig(S) = 0, it follows that there exists aLagrangian subspa
e L � H�m(S;A�)and we have to show how su
h a Lagrangian subspa
e gives rise to a La-grangian stru
ture on �!A�. Note that a Lagrangian subspa
e always existsif 4 - n.As we have seen in Lemma 3.10, a Lagrangian stru
ture over �!A� is thesame as a Lagrangian subsheafH := Hn(n+1)�(n+1)(j�Ri��!A�):In our 
ase, however, H is a sheaf over fvg and so it 
an be identi�ed withthe ve
tor spa
e Hv. Sin
e we have assumed n = 2m, it resultsn(n+ 1)� (n + 1) = [2m+ 1� 12 ℄� 2m� 1 = �m� 1:Substituting this expression and the 
anoni
al identi�
ation �! ' ��[1℄, we
an also write
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h homologyH ' H�m�1(j�Ri���A�[1℄) ' H�m(j�Ri���A�):We make now the following assumption, whi
h will be proved in thelemma below: if A� '�! I� is the 
anoni
al inje
tive resolution of A�, thenthe resolution ��A� ' ! ��I�
an be used to 
ompute Ri�. Using this fa
t, the ve
tor spa
e H 
an beidenti�ed with the stalk at v of the sheaf H�m(i���I�).On the other hand, the stalk at v of H�m(i���I�) is isomorphi
 to the(�m)-th 
ohomology of the 
omplex of ve
tor spa
es (i���I�)v. The latter isby de�nition equal tolimU3v �(U; i���I�) = limU3v �(i�1(U); ��I�) ' lim"!0�(S � (0; "); ��I�);where the last isomorphism follows from the 
ompa
tness of S.Sin
e ��I� is 
onstant on the �bres, one haslim"!0�(S � (0; "); ��I�) ' lim"!0�(S; I�) ' �(S; I�):In parti
ular, this 
omputation shows that we 
an identifyH with the (�m)-th 
ohomology spa
e of the 
omplex �(S; I�) or, in other words, that thereis an isomorphism H ' H�m(S;A�):It follows from the de�nition of the bilinear form onH (see [Ba1℄, Lemma2.4 and [GM2℄, Se
tion 5.2), that the diagramH
H !H�m(S;A�)
H�m(S;A�)
R#  
ommutes. This means that the Lagrangian subspa
e L � H�m(S;A�) in-du
es a Lagrangian subspa
e L � H and thus a Lagrangian stru
ture on�!A�. Finally, by Theorem 3.11, there is an H-stru
ture over �CS extendingthe produ
t stru
ture over S � (0; 1) and �nally it resultsS = �(CS): �



4.3. The 
oeÆ
ients of Hh�(�) 71Following the argument used to prove Lemma 3.28, one shows theLemma 4.14. Let A� ! I� be the 
anoni
al inje
tive resolution of A� 2Db(S). The sheaves of the form ��I are i�-a
y
li
: in parti
ular, the resolu-tion ��A� ! ��I� 
an be used to 
ompute Ri���A�.Proof. The 
anoni
al inje
tive resolution A� ! I� 
onsists by 
onstru
tionof sheaves of the form I =Yx2SBx:As in the proof of ([Bor℄, V,3.13), one has��(Yx2SBx) 'Yx2S ��Bxand, if ��Bx ! J�x is the 
anoni
al inje
tive resolution of ��Bx, then itfollows that ��I ' ��(Yx2SBx) 'Yx2S ��Bx �!Yx2S J�xis an inje
tive resolution of ��I.Now, what we have to prove is that the sequen
ei�(Yx2S ��Bx) �! i�(Yx2S J0x) �! i�(Yx2S J1x) �! � � �is also exa
t. Sin
e dire
t image 
ommute with dire
t produ
ts, this is equiv-alent to show the exa
tness ofi���Bx �! i�J0x �! i�J1x �! � � �for every x 2 CS. On the other hand, exa
tness has to be 
he
ked onthe stalks and, sin
e exa
tness at every point p 6= v is 
learly satis�ed by
onstru
tion, it remains to 
onsider the stalk at v. This is equivalent to showthat the morphism of 
omplexes of ve
tor spa
esYx2S(i���Bx)v �!Yx2S(i�J�x)vis a quasi-isomorphism. By a 
ompa
tness argument, we 
an 
onsider a
onelike open neighborhood U" of v. On U" one has�(U"; i���Bx) ! �(U"; i�J0x) ! :::
�(X � (0; "); ��Bx)

wwwwwwwww ! �(X � (0; ");J0x)
wwwwwwwww ! :::
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h homologyThe p-th 
ohomology spa
e of the bottom row is Hp(X � (0; "); ��Bx) and,applying the Vietoris-Begle theorem, one hasHp(X � (0; "); ��Bx) ' Hp(X;Bx):Finally sin
e Bx is an a
y
li
 sheaf, it resultsHp(X;Bx) = � �(X;Bx) for p = 00 for p > 0 �



Chapter 5The Hirzebru
h fundamental
lassIn the following pages we show how to use Hirzebru
h homology to 
on-stru
t a 
hara
teristi
 
lass for smooth oriented manifolds, and we explainthe 
onne
tion between the Novikov 
onje
ture and Hirzebru
h homology.5.1 The Hirzebru
h fundamental 
lass of amanifoldLet u be the natural transformation de�ned through the 
omposition
SO� (�) ! 
TOP� (�) !Hh�(�);and denote by uMn the homomorphism
SOn (M) !Hhn(M)indu
ed by u for an n-dimensional smooth oriented 
losed manifold M .De�nition 5.1. The Hirzebru
h fundamental 
lass of M is by de�ni-tion the element [M ℄ := uMn ([M; Id℄) 2 Hhn(M)):Despite the use of the same name and of the same notation, the 
lass[M ℄ 2 Hhn(M) de�ned here does not 
oin
ide with the 
lass [M ℄ 2 hhn(M)de�ned in the introdu
tion. The use of the same terminology is justi�ed bythe fa
t that, as we will see in Appendix B, there is an isomorphism' : hhn(M) '!Hhn(M)73
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h fundamental 
lasswhi
h 
arries [M ℄ 2 hhn(M) onto [M ℄ 2 Hhn(M).The �rst property of the Hirzebru
h fundamental 
lass of a manifold isits topologi
al invarian
e.Lemma 5.2. If f : N ! M is an orientation-preserving homeomorphism,then it results [M ℄ = f�([N ℄):The proof of this fa
t is straightforward sin
e it holds[M; id℄ = [N; f ℄ 2 
TOPn (M)and uMn fa
torizes by 
onstru
tion through 
TOPn (M).5.2 Rational Hirzebru
h homologyIn this se
tion we will interpret the information 
arried by the rational Hirze-bru
h fundamental 
lass: in parti
ular we will show that for any 
losedsmooth manifold M there is an identi�
ationHhn(M)
 Q '! Hn(M ;Q [t℄)whi
h maps the Hirzebru
h fundamental 
lass to the L-genus.The ring Hh�(pt) is an 
SO� -module with the multipli
ation indu
ed bythe ring homomorphism u� : 
SO� !Hh�(pt):For this reason, if A is any 
SO� -module, then we denote by A 
u� Hh�(pt)the tensor produ
t in the 
ategory of 
SO� -modules. For simpli
ity we alsodenote by u� the homomorphism
SO� 
 Q !Hh�(pt)
 Qand by (A 
 Q) 
u� (Hh�(pt) 
 Q ) the tensor produ
t in the 
ategory of(
SO� 
 Q )-modules.Lemma 5.3. The fun
tor (
SO� (�) 
 Q ) 
u� (Hh�(pt) 
 Q) is a homologytheory.



5.2. Rational Hirzebru
h homology 75Proof. For a manifold M , let � denote the Poin
ar�e duality isomorphismHk(M) ! Hn�k(M)x ! x \ [M ℄and let us de�ne a natural transformation setting:
SOn (X)
 Q !Hn(X)
 (
SO� 
 Q)[M; f ℄ ! f�� Xki1;:::;ik �(pi1(M) : : : pik(M))
 [C P i1℄ : : : [C P ik ℄�A

ording to Thom, this transformation is an isomorphism of homology the-ories. On the other hand the equality (A
B)
B C ' A
 C implies(H�(�)
 
SO� 
 Q) 
u� (Hh�(pt)
 Q) ' H�(�)
 (Hh�(pt)
 Q );and thus we get a natural isomorphism of fun
tors(
SO� (�)
 Q) 
u� (Hh�(pt)
 Q) ' H�(�)
Hh�(pt)
 Q :So, in order to prove the statement, it is enough to show that the latterfun
tor is a homology theory, but this is 
lear sin
e Hh�(pt)
 Q is 
at. �The produ
t of a singular manifold with an H-stratifold indu
es a familyof natural homomorphisms
SO� (X)
u� Hh�(pt) !Hh�(X)[M; f ℄
u� [S℄ ! [M � S; f Æ �1℄and therewith a transformation(
SO� (�)
 Q) 
u� (Hh�(pt)
 Q) !Hh�(�)
 Q :Sin
e both sides are homology theories, by the 
omparison theorem weget the followingLemma 5.4. The transformation(
SO� (�)
 Q) 
u� (Hh�(pt)
 Q) !Hh�(�)
 Qis an isomorphism.
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h fundamental 
lassNow, the ring homomorphism� : 
SO� ! Z[t℄indu
es an 
SO� -module stru
ture on Z[t℄. Moreover, the 
ommutative dia-gram 
SO� u�!Hh�(pt)
Z[t℄� # ' 
 indu
es a natural isomorphism
SO� (X)
u� Hh�(pt) '! 
SOn (X)
� Z[t℄[M; f ℄
u� [S℄ ! [M; f ℄
� 
([S℄)and 
onsequently an equivalen
e of homology theories:(
SO� (�)
 Q) 
u� (Hh�(pt)
 Q) '! 
SO� (�)
� Q [t℄:Now we are going to show that the latter fun
tor is isomorphi
 to singularhomology.Lemma 5.5. The L-genus de�nes a natural transformation� : 
SO� (�) !H�(;Q [t℄)whi
h, for X = pt, realizes the ring homomorphism � .Proof. Let L1(p1); L2(p1; p2); : : : ; Lk(p1; : : : ; pk); : : :be the multipli
ative sequen
e of rational polynomials de�ned by the evenpower series Q(x) = xtanh x (see [Hi℄ or [HBJ℄). Substituting the Pontrjagin
lasses of a manifold M in these polynomials, one gets the L-
lassL(M) =Xk�0 Lk(M) � tk 2 H0(M ;Q [t℄)



5.2. Rational Hirzebru
h homology 77and, by Poin
ar�e duality, the 
lass �L(M) 2 Hn(M ;Q [t℄): For any spa
e Xand any integer n, we de�ne natural homomorphisms setting:�Xn : 
SOn (X) !Hn(X;Q [t℄)[M; f ℄ ! f�(�L(TM))For X = pt, this is just the homomorphism�� : 
SOn ! Q [t℄[M ℄ ! "�(L(M) \ [M ℄)where " denotes the 
onstant mapM ! fptg, and by Hirzebru
h's signaturetheorem it holds"�(L(M) \ [M ℄) =< L(M); [M ℄ >= sig(M) � tn=4 = �(M) �This 
onstru
tion 
an be used to prove theLemma 5.6. There is an isomorphism of homology theories
SO� (�)
� Q [t℄ '!H�(�;Q [t℄):Proof. The transformation � from Lemma 5.5 indu
es by multipli
ation anhomomorphism 
SO� (�)� Q [t℄ !H�(�;Q [t℄):Be
ause of the universal property of the equalizer, there exists a uniquetransformation 
SO� (�)
� Q [t℄ !H�(�;Q [t℄)su
h that the diagram
SO� (�)� 
SO� � Q [t℄ !! 
SO� (�)� Q [t℄ ! 
SO� (�)
� Q [t℄
H�(�;Q [t℄)#  
ommutes. Finally, it is easily seen that this new transformation is an iso-morphism by the 
omparison theorem. �



78 Chapter 5. The Hirzebru
h fundamental 
lassColle
ting these results together we get theProposition 5.7. There exists an equivalen
e' : Hh�(�)
 Q '!H�(�;Q [t℄)su
h that the diagram 
SO� (�) u!Hh�(�)
 Q
H�(�;Q [t℄)�# ' 
ommutes.Proof. If X is a spa
e, then the homomorphism 'X� is de�ned through the
omposition 
SO� (X)
u� Hh�(pt)
 Q  ' Hh�(X)
 Q


SO� (X)
� Q [t℄'# '!H�(X;Q [t℄)# �In parti
ular for a smooth oriented n-dimensional manifold M one hasCorollary 5.8. IfM is an n-dimensional smooth oriented manifoldM , thenit holds 'Mn ([M ℄) = �L(M) 2 Hm(M ;Q [t℄):Sin
e the rational Pontrjagin 
lasses of a manifold M determine and atthe same time are determined by the L-
lass of M , one 
an also interpretthis result as follows.Meta-Theorem. The rational Hirzebru
h fundamental 
lass of a manifold
ontains the same information as the rational Pontrjagin 
lasses.A

ording to a theorem of Dold and Milnor, the rational Pontrjagin
lasses of a manifold are not homotopy invariant and so we get in parti
-ularCorollary 5.9. The Hirzebru
h fundamental 
lass is not homotopy invari-ant.



5.3. The Novikov 
onje
ture 795.3 The Novikov 
onje
tureIn this se
tion we want to show that the Novikov 
onje
ture for a group � isequivalent to the homotopy invarian
e of the rational Hirzebru
h fundamen-tal 
lass for singular manifolds over K(�; 1).Let � be any dis
rete group, and let us �x any rational 
ohomology 
lassx 2 H�(K(�; 1);Q).De�nition 5.10. The higher signature sigx of a singular manifold (M;�)over K(�; 1) is the 
hara
teristi
 numbersigx(M;�) =< L(M) [ ��x; [M ℄ >=< x; ��(�L(M)) > :The higher signature sigx is by de�nition a bordism invariant and thus itde�nes a group homomorphism
SO� (K(�; 1)) ! Q[M;�℄ ! sigx(M;�):De�nition 5.11. The higher signature sigx is said to be homotopy in-variant if for singular manifold (M;�) and for every orientation-preservinghomotopy equivalen
e f : N !M , it holdssigx(M;�) = sigx(N;� Æ f)Now we want to 
onne
t the Novikov 
onje
ture with the homology theoryHh�(�).De�nition 5.12. The rational Hirzebru
h fundamental 
lass is said to behomotopy invariant for the group � if for every pair (M;�), and forevery orientation-preserving homotopy equivalen
e f : N !M , it results[M;�℄ = [N;� Æ f ℄ 2 Hhn(K(�; 1))
 Q :This terminology allows to formulate the followingProposition 5.13. The Novikov 
onje
ture for a group � is equivalent tothe homotopy invarian
e of the rational Hirzebru
h fundamental 
lass for �.Proof. If (M;�) is a singular manifold (M;�) over K(�; 1), then one hassigx(M;�) =< x; ��(�(L(M)) >=< x; 'n([M;�℄) >



80 Chapter 5. The Hirzebru
h fundamental 
lassand thus it is 
lear that it resultssigx(M;�) = sigx(N;� Æ f)for any x 2 H�(K(�; 1);Q), if and only if[M;�℄ = [N;� Æ f ℄ 2 Hhn(K(�; 1))
 Q : �The proposition above suggests that an integral version of the Novikov
onje
ture 
an be obtained requiring the homotopy invarian
e of the (inte-gral) Hirzebru
h fundamental 
lass.Integral Novikov Problem (M. Kre
k). Determine all dis
rete groups� for whi
h the Hirzebru
h fundamental 
lass is homotopy invariant.5.4 Z[1=2℄-lo
alized Hirzebru
h homologyApplying the Landweber exa
t fun
tor theorem, we show in this se
tion thatthe Z[1=2℄-lo
alization of Hirzebru
h homology is isomorphi
 to 
onne
tiveKO-theory. In parti
ular the Hirzebru
h fundamental 
lass of a manifoldMdi�ers from the ko-theoreti
al 
hara
teristi
 
lasses of M only by elementsof 2-torsion.By the Landweber exa
t fun
tor theorem (see [La℄, Example 3.4), thetensor produ
t 
SO� (�)
� Z[1=2℄[t; t�1℄is a homology theory and therefore u indu
es an isomorphism
SO� (�)
� Z[1=2℄[t; t�1℄ '!Hh�(�)
 Z[1=2℄[t�1℄:On the other hand, the map of spe
traMSpin !MSOis a Z[1=2℄-equivalen
e and so one 
an de�ne a map v : MSO ! KO[1=2℄through the 
ompositionMSO[1=2℄ !MSpin[1=2℄ !KO[1=2℄:



5.4. Z[1=2℄-lo
alized Hirzebru
h homology 81Here the last map is indu
ed by the Atiyah-Bott-ShapiroMSpin-orientationof KO-theory. The map v de�nes a natural transformation
SO� (�) !KO�(�)[1=2℄whi
h indu
es, for X = fptg, the ring homomorphism � by a theorem ofSullivan (see [MM℄, page 84). In parti
ular, it results
SO� (�)
� Z[1=2℄[t; t�1℄ ' 
SO� (�)
v� (KO�(pt)[1=2℄):and so, applying again the Landweber exa
t fun
tor theorem, we get anisomorphism 
SO� (�)
v� KO�(pt)[1=2℄ '! KO�(�)[1=2℄:The diagram
SO� (�)
� Z[1=2℄[t; t�1℄ '!Hh�(�)
 Z[1=2℄[t�1℄
KO�(�)[1=2℄'# ' provides an isomorphismHh�(�)
 Z[1=2℄[t�1℄ ' KO�(X)[1=2℄and passing to the 
onne
ted 
overings one 
on
ludes the proof of the fol-lowingProposition 5.14. There is an isomorphismHh�(�)
 Z[1=2℄ '! ko�(�)[1=2℄:



82 Chapter 5. The Hirzebru
h fundamental 
lass



Appendix AHirzebru
h 
ohomologyFollowing Quillen and Dold (see [Quil℄ and [Do℄), we 
onstru
t the 
oho-mology theory asso
iated to Hh�(�) on the 
ategory of smooth orientedmanifolds and 
ompute its formal group law.A.1 The fun
tor Hh�(�)In this se
tion we de�ne the fun
tor Hh�(�) as the 
obordism theory asso
i-ated to the 
lass of smooth H-stratifolds. The notion of a smooth stratifoldis very similar to that of a topologi
al stratifold and, for this reason, thereader is referred to Kre
k's book (see [Kr1℄) for a pre
ise de�nition and forthe proofs of the main results mentioned here.Let us denote by S the 
ategory of smooth H-stratifolds and by Hh0�(�)the asso
iated bordism theory. The arguments used in Chapter 4 to showthat Hh�(�) is a homology theory and to 
ompute the 
oeÆ
ients of Hh�(�)
an be applied with some modi�
ations to Hh�(�) and so one gets theProposition A.15. The fun
tor Hh0�(�) is a homology theory and there isa ring isomorphism 
0 : Hh0�(pt) ' ! Z[t℄so that the diagram 
SO� !Hh0�(pt)
Z[t℄� # 
0 83



84 Hirzebru
h 
ohomology
ommutes.In parti
ular, it follows from the 
omparison theorem that the naturaltransformation Hh0�(�) !Hh�(�):indu
ed by the forgetful fun
tor is an equivalen
e of homology theories.By a standard argument, if f : S ! M is a 
ontinuous map from asmooth stratifold to a smooth manifold, whose restri
tion to �S is a smoothmap, then f is homotopi
 relative �S to a smooth map.A 
onsequen
e of this fa
t is that for ea
h smooth manifold M we 
an
onsider Hh0�(M) as the bordism of smooth stratifolds and smooth maps.Now, let us �x a smooth oriented n-dimensional manifold M withoutboundary.De�nition A.16. The p-th Hirzebru
h 
ohomology group of M is byde�nition the group of the bordism 
lasses of pairs (S; f) where S is a smooth(n� p)-dimensional H-stratifold and f : S !M is a proper smooth map.If M is 
ompa
t, then there is an isomorphismHhp(M) ' Hh0p(M) = Hhn�p(M)whi
h is 
alled Poin
ar�e duality isomorphism.The transversality theorem allows to turn Hh�(�) into a 
ontravariantfun
tor, and by a standard argument one 
an prove theProposition A.17. The fun
tor Hh�(�) is a multipli
ative 
ohomology the-ory whose 
oeÆ
ients are isomorphi
 to Z[t℄ (here the degree of t is equal to�4).A
tually it should be possible to des
ribe Hh�(�) already on the 
ategoryof topologi
al manifolds (the problem here is to prove the needed formulationof the transversality theorem). However, this fa
t is not relevant for thefollowing and so we will not go into details.A.2 The formal group law of Hh�(�)Let E�(�) be a 
ommutative multipli
ative 
ohomology theory on the 
ate-gory of �nite dimensional smooth manifolds.De�nition A.18. A sequen
e t = ftng of elements tn 2 E2(C P n) is 
alleda C -orientation of E�, if the following two properties are satis�ed.



A.2. The formal group law of Hh�(�) 85- The sequen
e t is natural with respe
t to the in
lusions jn : C P n �C P n+1.- t1 redu
es to the 
anoni
al generator of eE2(C P 1) = eE2(S2).The Euler 
lass of a line bundle � over a manifold M is de�ned as theelement e(�) := f �(tn)where the map f :M ! C P n 
lassi�es �.The 
ohomology theory 
�U(�) has a 
anoni
al C -orientation whi
h isgiven by the elements [C P n�1 ; jn�1℄ 2 
2U(C P n). Moreover, using the trans-formation 
�U (�) !Hh�(�)indu
ed by the forgetful fun
tor, we 
an de�ne a natural orientation ofHh�(�) setting: un := [C P n�1 ; jn�1℄ 2 Hh2(C P n):If E�(�) is a 
omplex oriented 
ohomology theory, then, using the Atiyah-Hirzebru
h spe
tral sequen
e, one 
an prove that there exists a unique formalgroup law F (x; y) =Xi;j aijxiyjwith 
oeÆ
ients in the ring E� = E�(pt), so that for any two line bundles �1and �2 over a manifold M it holdse(�1 
 �2) = F (e(�1); e(�2)):Re
all that a power series F 2 R[[x; y℄℄ is 
alled a 
ommutative formalgroup law, if it satis�es the relationsF (0; y) = y;F (x; 0) = x;F (x; F (y; z)) = F (F (x; y); z);F (x; y) = F (y; x):A

ording to Quillen (see [Quil℄), the formal group law of 
�U(�) is theseries F (x; y) = Pi;j hijxiyjCP (x)CP (y):
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h 
ohomologywhere hij denotes the bordism 
lass of the Milnor manifold Hi;j, and CP (u)is the power series CP (u) = 1Xn=0[C P n ℄un 2 
�U (pt)[[u℄℄:Sin
e the C -orientation of Hh� is indu
ed by the natural transformationu : 
�U(�)! Hh�(�), the formal group law of Hh� is given byG(x; y) = u�(F (x; y)) = Pi;j u�(hij)xiyju�(CP (x))u�(CP (y)):In order to 
ompute G(x; y) expli
itly, we 
an use the isomorphism
 : Hh�(pt) ' ! Z[t℄:The ring homomorphism 
 Æ u� 
oin
ides with the genus � , and so what weneed to know is the signature of the 
oeÆ
ients of F (x; y). If we set11� a := 1Xn=0 an;then the power series ��(CP (u)) 
an be expressed by the formula��(CP (u)) = 1Xn=0 �([C P n ℄)un = 1Xn=0 tnu2n = 1Xn=0(tu2)n = 11� tu2 ;and 
onsequently we 
an writeG(x; y) = (Xi;j �(hij)xiyj)(1� tx2)(1� ty2):Now, a

ording to Hirzebru
h (see [HBJ℄), for i 6= j it holds�(hij) = 8<: 0 for i � 1 (2)0 for i; j � 0 (2)t i+j�12 if i � 0; j � 1 (2)and, sin
e it results �(hii) = 0, one hasG(x; y) = (Xi 6=j �(hij)xiyj)(1� tx2)(1� ty2):



A.2. The formal group law of Hh�(�) 87Finally, using the equality hij = hji, we obtainXi 6=j �(hij)xiyj = Xi<j �(hij)xiyj +Xi<j �(hij)xjyi == Xk�l t 2k+2l+1�12 x2l+1y2k +Xk�l t 2k+2l+1�12 x2ky2l+1 == Xk�l tk+lx2l+1y2k +Xk�l tk+lx2ky2l+1 == x � (Xk�l tk+lx2ly2k) + y � (Xk�l tk+lx2ky2l) == x � (Xk tky2k(Xl�k tlx2l)) + y � (Xk tk+lx2k(Xl�k tly2l)) == x � (Xk tky2k tkx2k1� tx2 ) + y � (Xk tkx2k tky2k1� ty2 ) == x � (Pk t2kx2ky2k)1� tx2 + y � (Pk t2kx2ky2k)1� ty2 == x(1� t2x2y2)(1� tx2) + y(1� t2x2y2)(1� ty2) == x + y(1 + txy)(1� tx2)(1� ty2) :This 
on
ludes the proof of theProposition A.19. The formal group law of Hh�(�) isG(x; y) = x + y1 + txy :
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Appendix BThe homology theory hh�(�)Appendix B is devoted to the 
onstru
tion of the homology theory hh�(�)as 
omplex bordism with singularities in the sense of Baas-Sullivan.B.1 The Baas-Sullivan 
onstru
tionWe begin by summarizing some results from the theory of Baas-Sullivan(unitary) manifolds with singularities. For a more detailed a

ount the readeris referred to Rudyak ([Ru℄, Chapter VIII) or Botvinnik ([Bot℄).Let us �x a 
losed k-dimensional unitary manifold F .De�nition B.1. A Baas-Sullivan manifold with singularity F is atriple (R; S; f) where R and S are 
ompa
t unitary manifolds, and f is adi�eomorphism �R ' S � F whi
h respe
ts the unitary stru
ture.Slightly modifying this de�nition one 
an also introdu
e the notion of ob-je
ts with boundary, and therefore 
onsider the asso
iated bordismMUF� (�).The forgetful fun
tor de�nes a natural transformation 
U� (�) ! MUF� (�).Moreover MUF� (�) has the following fundamental property:Proposition B.2. MUF� (�) is a homology theory, and for any spa
e X thereis a long exa
t sequen
e� � � ! 
Un (X) �[F ℄��! 
Un+k(X)!MUFn+k(X)! 
Un�1(X)! � � �whi
h is 
alled the Bo
kstein-Baas-Sullivan sequen
e.Now let � = fF1; F2; : : :g be an arbitrary sequen
e of 
losed unitarymanifolds and denote by �m the �nite sequen
e fF1; : : : ; Fmg.89



90 The homology theory hh�(�)De�nition B.3. A manifold with singularity �m is de�ned indu
tivelyas a triple (R; S; f) where R and S are manifolds with singularity �m�1 andf is an isomorphism �R ' S � Fm.We denote by MU�m� (�) the bordism of Baas-Sullivan manifolds withsingularity �m. Again we have:Proposition B.4. MU�m� (�) is a homology theory and for any X there isa Bo
kstein-Baas-Sullivan long exa
t sequen
e:� � � !MU�m�1� (X)!MU�m�1� (X)!MU�m� (X)!MU�m�1� (X)! � � �This 
onstru
tion provides a sequen
e of homology theories and naturaltransformations
U� (�)!MU�1� (�)! � � � !MU�m� (�)! � � �Taking the limit over the diagram above we de�ne:MU�� (�) := limm!1MU�m� (�):By 
onstru
tion MU�� (�) 
omes with a natural transformationu : 
U� (�) ! limm!1MU�m� (�) =MU�� (�):and we denote by u� the 
U� -module homomorphism
U� !MU�� (pt)indu
ed by u for X = pt.Moreover, sin
e passing to the limit preserves exa
tness, one has thefollowingProposition B.5. MU�� (�) is a homology theory.The 
onvergen
e of the limit above is sure if, for all n, the sequen
e �
ontains only �nitely many manifolds of dimension � n. In fa
t if F�(n) isthe last element in � of dimension � n, then the homomorphismMU�in (X)!MU�i+1n (X)is an isomorphism for all i � �(n) be
ause of dimensional reasons, andtherefore the limit is rea
hed after a �nite number of steps.



B.2. The 
onstru
tion of hh�(�) 91The 
oeÆ
ients of MU�� (�) are in general quite diÆ
ult to 
ompute andso we restri
t our attention to the 
ase of a regular sequen
e �. Re
all thata sequen
e fx1; x2; : : :g in a 
ommutative ring R is 
alled regular if, for everyn, the multipli
ation by xn indu
es inje
tive homomorphismsR ! Rand R=(x1; : : : ; xn�1) ! R=(x1; : : : ; xn�1)where (x1; : : : ; xn) denotes the ideal generated by x1; : : : ; xn.By an easy indu
tive appli
ation of the Bo
kstein-Baas-Sullivan sequen
eone 
an show theProposition B.6. If � = fF1; : : : ; Fn; : : :g is a regular sequen
e in 
U� , thenu� fa
torizes to an 
U� -module isomorphism
U� u�!MU��

U� =([F1℄; : : : ; [Fn℄; : : :)# ' !

B.2 The 
onstru
tion of hh�(�)A

ording to Milnor (see [Miln℄), the bordism ring 
U� is isomorphi
 to thepolynomial ring Z[x1; x2; : : : ; xn; : : :℄ with deg xn = 2n; furthermore a familyfM2ng of unitary manifolds is a basis sequen
e of 
U� if and only if it resultssk(
1; : : : ; 
n)[M2n℄ = � �q if n + 1 is a power of the prime q�1 if n + 1 is not a prime powerThis 
hara
terization 
an be used to prove theLemma B.7. There exists a basis sequen
e fM2ng of 
U� with the propertythat sig(M2n) = � +1 if n = 20 if n 6= 2 (B.1)



92 The homology theory hh�(�)Proof. Let fN2ng be an arbitrary family of free polynomials generators of
U� and set:� M4 := [C P2℄M2n := N2n � sig(N2n) � (C P2)(n=2) for n 6= 2By 
onstru
tion, the family fM2ng satis�es Condition B.1 above. Moreover,it is easily seen that fM2Ng is again a basis sequen
e: the only thing to showis that C P2 
an be taken as 4-dimensional generator, but this is 
lear sin
eit holds � s2(
1; 
2)[C P2℄ = 
21[C P2℄� 2
2[C P2℄ = 3s1;1(
1; 
2)[C P2℄ = 
2[C P2℄ = 3 �Now let us 
hoose a basis sequen
e fM2ng of 
U� whi
h satis�es B.1, anddenote by � the sequen
e fM2ngn 6=2.De�nition B.8. The homology theory hh�(�) is de�ned by setting:hh�(�) :=MU�� (�) = limm!1MU�m� (�):Remark. hh�(�) depends on the 
hoi
e of the basis sequen
e fM2ng.The fa
t that the dimensions of the elements in � build a stri
tly in
reas-ing sequen
e has the following 
onsequen
e:Lemma B.9. For any n 2 N there exists another integer m 2 N su
h thatthe homomorphism MU�mn (X) ! hhn(X)is an isomorphism for any topologi
al spa
e X.Furthermore we have theProposition B.10. The homology theory hh�(�) has the following proper-ties:1. there is a natural transformationu : 
U� (�) ! hh�(�):



B.3. The isomorphism Hh�(�) ' hh�(�) 932. there is an isomorphism
 : hh�(pt) ' ! Z[t℄su
h that the 
omposition 
 Æ u� is the multipli
ative genus� : 
U� ! Z[t℄[Nk℄ ! sig(N) � tk=4Proof. The natural transformation u : 
U� (�) ! hh�(�) is given by 
on-stru
tion as explained in the previous se
tion.Sin
e � is a proper sequen
e, u� indu
es a

ording to Proposition B.6 anisomorphism 
U� (�)=([M2℄; [M6℄ : : :) '! hh�(pt)and 
onsequently a 
ommutative diagram
U� u�! hh�(pt)

U� (�)=([M2℄; [M6℄ : : :)# ' The quotient 
U� =([M2℄; [M6℄; : : :) is isomorphi
 to the 
U� -module Z[t℄ gen-erated by [M4℄, and thus we get by 
omposition an isomorphism
 : hh�(pt) '! 
U� =([M2℄; [M6℄; : : :) ' ! Z[t℄whi
h 
oin
ides with � by 
onstru
tion. �B.3 The isomorphism Hh�(�) ' hh�(�)In this se
tion, we want to sket
h the 
onstru
tion of a natural transformationhh�(�) !Hh�(�)whi
h is an equivalen
e of homology theories.



94 The homology theory hh�(�)Let � = fF1; F2; : : :g denote the sequen
e of manifolds used in the pre-vious se
tion to 
onstru
t hh�(�), and let Em denote the 
ategory of allBaas-Sullivan manifold (possibly with non-empty boundary) with singular-ity �m = fF1; : : : ; Fmg. Sin
e hh�(�) is de�ned as the limit of the fun
torsMU�m� (�) for m!1, it follows that a natural transformationhh�(�) !Hh�(�)is the same as a sequen
e of natural transformationsMU�m� (�) !Hh�(�)whi
h satisfy a 
ompatibility property.Su
h a family of transformations 
an be de�ned 
onstru
ting a sequen
eof fun
tors (whi
h respe
t the boundaries and the produ
ts)�m : Em ! Cwhere C denotes the 
ategory of all H-stratifolds.For m = 0, E0 is the 
lass of unitary manifolds and so we 
an 
onsiderthe 
anoni
al in
lusion des
ribed in Se
tion 3.2.Now, we show how to de�ne �m+1 from �m. For simpli
ity we only
onsider Baas-Sullivan manifolds with empty boundary. Let (R; S; f) is anelement of Em+1 and let us denote by F the manifold Fm+1 2 �m+1. Moreoverlet us 
hoose a Lagrangian subspa
e in the middle 
ohomology of F andobserve that, a

ording to Se
tion 4.3, this 
hoi
e allows to 
onsider the 
oneover F as an H-stratifold with boundary F .The isomorphism f : �R '�! S � F indu
es an isomorphism of H-stratifolds �m(f) : �(�m(R)) '! �m(S)� FFinally, gluing �m(R) and �m(S)� CF along the boundary, we de�ne�m+1(R; S; f) := �m(R) [ (�m(S)� CF )The indu
ed transformation : hh�(�) !Hh�(�)has the property that the diagram
U� (�)
hh�(�)# !Hh�(�)!
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ommutes and by the 
omparison theorem we get theCorollary B.11. The natural transformation  is an equivalen
e of homol-ogy theories.
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Appendix CHirzebru
h spe
traA Hirzebru
h spe
trum is a stri
t MU -algebra spe
trum representing a ho-mology theory whi
h has properties analogous to that of Hh�(�). In thefollowing we show how to 
onstru
t a Hirzebru
h spe
trum and we investi-gate some of its properties.C.1 Stri
t algebra spe
traWe begin by reporting some results from [EKMM℄. Let R be a 
ommutativeS-algebra, and assume �i(R) = 0 for odd i.Theorem C.1. ([EKMM℄, Theorem V,3.2) Let X be a regular sequen
e in��(R) and let I be the ideal generated by X. If ��(R)=I is 
on
entrated indegrees 
ongruent to zero mod 4, then there is an asso
iative and 
ommutativestri
t R-algebra spe
trum R=X and a natural map of stri
t R-algebra spe
trau : R ! R=Xsu
h that u� : ��(R) ! ��(R=X)realizes the homomorphism of ��(R)-algebras��(R) ! ��(R)=IQuotients in the 
ategory of stri
t R-modules have the following universalpropertyLemma C.2. ([EKMM℄, Lemma V,1.5) Let N be a stri
t R-module, andx 2 �n(R) su
h that x� : �nN ! N is zero. Then, for any map of stri
tR-modules � :M ! N , there is a map of stri
t R-modules ~� :M=xM ! Nsu
h that ~� Æ v = �. 97



98 Hirzebru
h spe
traThere are analogous 
onstru
tions for lo
alizations.Theorem C.3. ([EKMM℄, Proposition V,2.3) Let Y be any sequen
e of el-ements of ��(R). If A is a stri
t R-algebra spe
trum, then there is a stri
tR-algebra spe
trum A[Y �1℄ and a natural map of stri
t R-algebra spe
tra� : A ! A[Y �1℄su
h that �� : A� ! ��(A[Y �1℄)realizes the morphism A� ! A�[Y �1℄Lemma C.4. ([EKMM℄, Lemma V,1.13) Let N be a stri
t R-module, andY � ��(R) su
h that yi� : �kiN ! N , deg yi = ki, is an equivalen
e for ea
hi. Then, for any map of stri
t R-modules � :M ! N , there is a unique mapof stri
t R-modules ~� :M [Y �1℄! N su
h that ~� Æ � = �.C.2 Hirzebru
h spe
traLet MU denote the unitary Thom spe
trum. It is known that MU 
an be
onstru
ted as an E1-ring spe
trum and thus it makes sense to speak ofstri
t MU -algebra spe
tra and stri
t MU -module spe
tra.De�nition C.5. A stri
t MU-algebra spe
trum E with unit map u :MU !E, is 
alled a Hirzebru
h-spe
trum if- ��(E) ' Z[t℄, with deg t = 4;- the ring homomorphism��(u) : ��(MU) ! ��(E) ' Z[t℄
oin
ides with � .A Hirzebru
h spe
trum 
an be 
onstru
ted applying the results from theprevious se
tion. As we have observed in Appendix B, it is possible to 
hoosea basis sequen
e fx1; x2; : : :g of ��(MU) withsig(xn) = � 0 for n 6= 21 for n = 2Let X indi
ate the sequen
e fx1; x3; x4; : : :g.



C.2. Hirzebru
h spe
tra 99Proposition C.6. The MU-algebra spe
trum MU=X is a Hirzebru
h spe
-trum.Proof. The 
onditions of Theorem C.1 are satis�ed sin
e ��(MU) is 
on-
entrated in even degrees, and X is a regular sequen
e in ��(MU). It fol-lows that there is a ring spe
trum MU=X together with a MU -algebra mapu :MU !MU=X. The assumptions on the signature of the xi's imply thatu indu
es, for X = pt, the ring homomorphism� : ��(MU) ! Z[t℄and this proves that MU=X is a Hirzebru
h spe
trum. �The de�nition above 
hara
terizes the notion of a Hirzebru
h spe
trumup to isomorphism of stri
t MU -module spe
tra. In fa
t it holds theProposition C.7. Every Hirzebru
h spe
trum E is isomorphi
 to MU=Xas a stri
t MU-module.Proof. Let u be the orientation of E, and denote by v the orientation ofMU=X. By de�nition u realizes, for X = pt, the genus � . Sin
e we haveassumed the signature of x1 to be zero, the 
omposition uÆx1 : S2 !MU !E is null-homotopi
. The left-multipli
ation by x1� : �2E ! E is the mapS2 ^ E (u Æ x1) ^ 1! E ^ E � ! Ewhi
h is therefore zero. Lemma C.2 implies thus that there exists a map ofstri
t MU -modules u1 :MU= < x1 > ! Esu
h that the following diagram 
ommutesMU u ! E
MU= < x1 >v1# ~u1 !

An indu
tive argument shows how to de�ne a sequen
e of fa
torizationsMU u ! E
MU= < x1; x3; : : : ; xn >vn# ~un !



100 Hirzebru
h spe
trawhi
h satisfy an obvious 
ompatibility property. The spe
trum MU=X is byde�nition the teles
ope of the spe
tra MUn = MU= < x1; : : : ; xn >, and sothere is a 
ommutative diagram of stri
t MU -modules:MU u ! E
MU=Xv# ~u !

To 
on
lude the proof it is enough to observe that the map~u� : ��(MU=X) ! E�sends x2 to �(x2) = t, and that 
onsequently ��(u) is an isomorphism. �C.3 Determination of the Hirzebru
h spe
-trumIn this se
tion, we show how to determine the Hirzebru
h spe
trum E by
omputing its lo
alizations E[1=2℄ and E(2). Some of the 
onsiderations pre-sented here have been suggested by Neil Stri
kland.Let us begin with the lo
alization E[1=2℄. The homology theory as-so
iated to E[1=2℄[t�1℄ satis�es the hypotheses of Landweber exa
t fun
-tor theorem, and so the argument used in 5.4 to show the isomorphismHh�(�)[1=2℄ ' ko�(�)[1=2℄ 
an be applied to prove the existen
e of an iso-morphism E[1=2℄ ' ko[1=2℄:So we only have to understand the Z(2)-lo
alizationE(2). By 
onstru
tion,the spe
trum E(2) 
omes with a map j : E ! E(2) and thus it has a natural
omplex orientation whi
h 
orresponds to the universal Thom 
lassMU u ! E j ! E(2):The formal group law of (E(2); j Æ u) isFsig(x; y) = x + y1 + txy



C.3. Determination of the Hirzebru
h spe
trum 101as a power series over ��(E(2)) ' Z(2)[t℄.Every formal group law over the rationals is uniquely stri
tly isomorphi
to the additive one and, for Fsig, this isomorphism is given by the powerseries log = 1Xn=0 tn2n+ 1y2n+1 2 E� 
 Q ' Q [t℄:Sin
e all denominators are odd, this series de�nes a stri
t isomorphismlog : Fsig =F logad ! Fadalready over Z(2)-algebras.Now it is well known that ��(MU ^MU) 
orepresents the groupoid of allformal group laws and stri
t isomorphisms (see for example [Mill℄, Se
tionII.6)). Therefore there exists a unique ring homomorphism' : ��(MU ^MU) ! ��(E(2))whi
h 
lassi�es the stri
t isomorphism log : Fsig ! Fad. This means that if�L; �R : ��(MU)! ��(MU ^MU) are the ring homomorphisms indu
ed byMU =MU ^ S !MU ^MU and MU = S ^MU !MU ^MU;then ' Æ �L and ' Æ �R 
lassify Fad and Fsig respe
tively.Observe that sin
e ��(E(2)) is a Z(2)-algebra, ' fa
torizes as in the dia-gram: ��(MU ^MU) ! ��(E(2))
��(MU ^MU)(2)# !

In order to understand ', let us 
hoose an isomorphism��(MU ^MU) '! ��(MU)[b1; b2; : : :℄and a basis-sequen
e fx1; x2; : : :g of ��(MU) with the usual 
ondition on thesignature. This 
hoi
e de�nes a system of 
oordinates��(MU ^MU) '!M := Z[x1; x2; : : :℄[b1; b2; : : :℄in whi
h the homomorphism�L :MU� ! ��(MU ^MU)



102 Hirzebru
h spe
trabe
omes the natural in
lusionZ[x1; x2; : : :℄ �! Z[x1; x2; : : :℄[b1; b2; : : :℄:Sin
e 'Æ�L 
lassi�es Fad, the 
omposition 'Æ�L has to 
oin
ide with themorphism � : Z[x1; x2; : : :℄ ! Z(2)[t℄whi
h sends every xi to 0. Furthermore the universal stri
t isomorphismf =P1n=0 bnxn+1 has to be sent under ' to the power series log, and thus itmust hold '(bn) = � tn=2n+1 if n=0 (mod 2)0 elseNow use the fa
t that ' fa
torizes through the ringM(2) := Z(2)[x1; : : :℄[b1; : : :℄and let us setb0n := 8<: bn for n odd3b2 for n = 2(n+ 1)bn � 3(n� 1)bn�2 � b2 for n even and n > 2The new elements b0n provide a basis of M(2) as ��(MU(2))-module, andmoreover it holds '(b0n) = � t for n = 20 for n 6= 2The kernel of ' is thus generated, as ideal ofM(2), by the regular sequen
eY := fx1; x2; : : : ; b01; b03; b04; : : :g:A

ording to Theorem C.1, there is a (MU ^ MU)-module spe
trumG = (MU ^MU)=Y and a (MU ^MU)-module map� :MU ^MU !Gwith the following two properties:- ��(G) ' Z(2)[t℄;- the indu
ed homomorphism ��(�) 
oin
ides with '.
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h spe
trum 103Sin
e G� is 
on
entrated in degrees 
ongruent to zero modulo 4, there isa 
anoni
al multipli
ative stru
ture on G su
h that � is a (MU ^MU)-ringmorphism.We use � to indu
e two di�erent orientations of G. Let u and v be themap indi
ated in the following diagramv :MU 1 ^ �!MU ^MU ! (MU ^MU)(2) � !Gu :MU � ^ 1!MU ^MU ! (MU ^MU)(2) � !GThe C -oriented spe
trum (G; u) is by 
onstru
tion the Z(2)-Hirzebru
hspe
trum and it is thus isomorphi
 as a stri
t MU -module to E(2).Consider now the orientation 
orresponding to v: the formal group law of(G; v) is the additive one, and thus the 
lassifying map of Fad is the proje
tion�. This fa
t means that v�(xi) = 0 for ea
h i, or equivalently that the mapxi� : �2iG !Gis zero. By Lemma C.2 we get a fa
torizationMU v ! G
MU=fx1; x2; ::g# ~v !

Using the fa
t thatMU=fx1; : : :g is 
anoni
ally isomorphi
 to the Eilenberg-Ma
 Lane spe
trum HZ, one obtains a map of stri
t MU -module spe
tra~v : HZ(2) ! G:The map ~v 
an be used to de�ne a new mapHZ(2) ^G ~v ^ 1! G ^G ! Gsu
h that the two diagramsMU ^G
S0 ^G � ^ 1!� ^ 1 !HZ(2) ^G# ~v ^ 1! G ^G m !v ^ 1! G



104 Hirzebru
h spe
traand HZ(2) ! G
S0 ^G� ^ 1" 1 !


ommute.Finally, applying ([Ru℄, Theorem II,7.5), one �ndsProposition C.8. There is an isomorphismE(2) ' HZ(2)[t℄:



EpilogueWe want to 
on
lude this thesis by spending some words on two open prob-lems whi
h 
ould be of interest.Question 1. Can we use Hirzebru
h homology to prove the topologi
al in-varian
e of rational Pontrjagin 
lasses?Sin
e the Hirzebru
h fundamental 
lass of a manifold 
orresponds over therationals to the L-
lass, one 
ould be tempted to use the topologi
al invari-an
e of the former to prove the topologi
al invarian
e of rational Pontrjagin
lasses. Unfortunately the latter property is needed to prove transversalityin the topologi
al 
ategory and this is in turn needed to show that Hh�(�) isa homology theory, so that this argument does not work. For this reason itwould be interesting to look for an alternative 
onstru
tion of the boundaryoperator whi
h makes no use of transversality.Question 2. Is it possible to represent Hh�(�) by a stri
t MU-ring spe
-trum?The solution of this problem 
ould have a very interesting appli
ation.Sin
e all 
oeÆ
ients of the L-polynomials lie in the ring Z(2), the L-
lassof a smooth manifold M 
an be seen as an element of H�(M ;Z(2)[t℄) andin parti
ular, Now, if the answer to the question above were positive, then,a

ording to the results of Appendix C, there would be an isomorphismHh�(M)
 Z2 '!H�(M ;Z2[t℄)mapping the Hirzebru
h fundamental 
lass of a smooth manifold M to theL-
lass of M , and, in parti
ular, one 
ould prove the topologi
al invarian
eof the Z(2)-lo
al L-
lass.
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