
Chapter 2
The linear elliptic model problem

Abstract This chapter introduces the stationary diffusion problem along with suitable
concepts of solutions. Besides the interest in the corresponding simplest boundary
value problem with characteristic multiscale features: How can we seriously think
that we understand some numerical scheme in a complicated real-life application if
we do not understand it even for this model problem?

2.1 Weak solutions and stability

We want to reformulate the problem

−div(A∇u) = f in D,

u = u0 on Γ0,

(A∇u) ·n = g on Γ1,

(2.1)

so that it also admits solutions which do not belong to C1(D)∩C2(D). Throughout
this section D ⊂ Rd (d ∈ N) is a bounded Lipschitz domain, Γ0 is a closed subset
of ∂D with positive surface measure, Γ1 = ∂D \ Γ0, f ∈ L2(D), g ∈ L2(Γ1), and
u0 ∈ L2(Γ0) is such that there exists ũ0 ∈ H1(D) with ũ0|Γ0 = u0. The diffusion matrix
A ∈ L∞

�
D,Rd×d

�
is uniformly elliptic, that is

α :=ess inf
x∈D

inf
0�v∈Rd

(A(x)v) · v
v · v > 0 and (2.2.a)

β :=esssup
x∈D

sup
0�v∈Rd

(A(x)v) · v
v · v <∞. (2.2.b)

We shall pick up the notation from the introduction and collect the admissible
coefficients in the class

M(D,α,β) := {A ∈ L∞(D,Rd×d) | A satisfies (2.2)}
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26 2 The linear elliptic model problem

Throughout this chapter, we assume that 0 < α ≤ β <∞. We do not assume that A
(or any other elements ofM(D,α,β)) is necessarily symmetric. However, in some
places of this manuscript, symmetry will be assumed for the sake of simplicity.

A function u ∈ C1(D)∩C2(D) that satisfies (2.1) is called a strong/classical solu-
tion of (2.1). The subsequent example shows that such a strong solution does not
always exist.

Example 2.1 Let

D =
�
r(cosϕ,sinϕ) ∈ R2 : 0 ≤ r < 1, ϕ ∈ (0,

3
2
π)
�
,

Γ0 =
�
r(cosϕ,sinϕ) ∈ R2 : 0 < r < 1, ϕ ∈ {0, 3

2
π}�,

Γ1 = ∂D \Γ0, u0 = 0,

A = E2 the 2-dimensional identity matrix, and g(r,ϕ) = 2
3 (−sin ϕ3 , cos ϕ3 ). Then

u(r,ϕ) = r2/3 sin( 2
3ϕ) satisfies (2.1) in polar coordinates, but u � C1(D).

In order to establish the notion of a weak solution of (2.1) we assume - for the time
being - that A is smooth (A ∈ C1(D)) and that there exists a strong solution u of (2.1)
and apply Theorem A.18 with F = A∇u and an arbitrary function v ∈ C1(D)∩C(D)
with v|Γ0 = 0. Since div F = div A∇u = − f , A∇u · n = g on Γ1 and v = 0 on Γ0, we
obtain

−
�

D
f vdx+

�

D
(A∇u) ·∇vdx =

�

∂D
v(A∇u) ·nds =

�

Γ1

gvds.

and, hence, �

D
(A∇u) ·∇vdx =

�

D
f vdx+

�

Γ1

gvds. (2.3)

Since functions v ∈ C1(D)∩C2(D) with v|Γ0 = 0 are dense in H1
Γ0

(D), the equality
(2.3) holds in fact for all v ∈ H1

Γ0
(D). Moreover, (2.3) is well defined also for any

u ∈ H1(D) and any A ∈ L∞(D,Rd×d), a fact that gives rise to the following notion of
a weak solution.

Definition 2.1 (weak/generalized solution). A function u ∈ H1(D) with u|Γ0 = u0
(in the sense of traces) that satisfies

a(u,v) :=
�

D
(A∇u) ·∇vdx =

�

D
f vdx+

�

Γ1

gvds (2.4)

for all v ∈ H1
Γ0

(D) is called a weak/generalized solution of (2.1). The variational
problem (2.4) is called the weak formulation of the model problem (2.1).

Example 2.2 The function u from Example 2.1 belongs to H1
Γ0

(D) and is a weak
solution of (2.1).
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The derivation of the variational problem (2.4) shows that every strong solution
of (2.1) is also a weak solution of (2.1) -- provided that A ∈ C1(D,Rd×d). If a weak
solution belongs to C1(D)∩C2(D), then the converse statement is also true.

Theorem 2.1. Let u ∈ H1(D) be a weak solution of (2.1). Suppose that f ∈ C(D),
g ∈C(Γ1), u0 ∈C(Γ0), A ∈ C1(D,Rd×d) and that u ∈ C1(D)∩C2(D). Then u is also a
strong solution of (2.1).

Proof. Equation (2.4) and Theorem A.18 show that

�

D
f vdx+

�

Γ1

gvds
(2.4)
=

�

D
(A∇u) ·∇vdx

Thm A.18
= −

�

D
(div A∇u)vdx+

�

∂D
v(A∇u) ·nds (2.5)

for all v ∈ C1(D)∩C2(D) with v|Γ0 = 0. Since the boundary integrals vanish if
v ∈D(D), we have

�

D
( f +div A∇u)vdx = 0 for all v ∈D(D).

The fundamental lemma of the calculus of variations then yields f +div A∇u = 0 in
D. Since u ∈C(D) and u0 ∈C(Γ0) we have u(x) = u0(x) for all x ∈ Γ0. It remains to
show that ∂u∂n = g on Γ1. Since f +div A∇u = 0, equation (2.5) reads

�

Γ1

gvds =
�

∂D
v(A∇u) ·nds,

where we used v|Γ0 = 0. The resulting identity
�

Γ1

(g− (A∇u) ·n)vds = 0 for all v ∈ C1(D)∩C(D)

and the fact that g− (A∇u) ·n is piecewise continuous (because the outer normal n is
piecewise continuous on Γ1) imply g = (A∇u) ·n on Γ1.

2.1.1 Existence and uniqueness of a weak solution

The left hand side of the weak formulation (2.4) defines a bilinear form on H1
Γ0

(D)×
H1
Γ0

(D). This section shows that this bilinear form fulfills the assumptions of the
Lax-Milgram-Theorem A.3 and, hence, the existence and uniqueness of a weak
solution. However, we shall first check that the solution space H1

Γ0
(D) is indeed a

Hilbert space.

Theorem 2.2 (The Hilbert space H1
Γ0

(D)). The bilinear form
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�u,v�H1
Γ0

(D) =

�

D
∇u ·∇vdx for all u,v ∈ H1

Γ0
(D)

is a scalar product on H1
Γ0

(D) and H1
Γ0

(D) together with �u,v�H1
Γ0

(D) is a Hilbert

space. Moreover, the semi-norm | · |H1 defined by |u|2
H1(D)

= �u,u�H1
Γ0

(D) for all u ∈
H1(D) is the induced norm on H1

Γ0
(D).

Remark 2.1. Note that Theorem A.14 defines a different scalar product on the space
H1
Γ0

(D).

Proof (Proof of Theorem 2.2). Friedrichs’ inequality shows for v ∈ H1
Γ0

(D) that

�v�2H1(D) = �v�2L2(D)+ �∇v�2L2(D)

≤ C2
F �∇v�2L2(D)+ �∇v�2L2(D)

= (1+C2
F)�∇v�2L2(D)

= (1+C2
F) |v|2H1(D)

and implies that | · |H1(D) is a norm on H1
Γ0

(D). Due to Schwarz’ inequality, it holds
that

�u,v�H1
Γ0

(D) =

�

D
∇u ·∇vdx ≤ �∇u�L2(D)�∇v�L2(D).

This proves that �·, ·�H1
Γ0

(D) is continuous. By the linearity of the trace operator, it

holds
γ1v+γ2w ∈ H1

Γ0
(D) for all γ1,γ2 ∈ R and v,w ∈ H1

Γ0
(D).

It remains to show that H1
Γ0

(D) is complete. Let (v j) be a Cauchy sequence in H1
Γ0

(D),
then the completeness of H1(D) shows that there exists v ∈ H1(D) such that v j→ v
in H1(D). Since the trace operator γ : H1(D)→ L2(∂D) is bounded and linear and
since v j|Γ0 = 0 for all j, it holds that

�v�L2(Γ0) = �v− v j�L2(Γ0) ≤ �v− v j�L2(∂D) ≤Cγ �v− v j�H1(Γ0)→ 0 for j→∞.

Hence, v vanishes on Γ0, i.e., v ∈ H1
Γ0

(D). This shows that H1
Γ0

(D) is a closed
subspace of H1(D) and finishes the proof. ��

With Theorem 2.2 the weak formulation fits into the classical Hilbert space theory
at the end of Section A.4.

Theorem 2.3 (Existence and uniqueness of weak solutions -- homogeneous Di-
richlet data). Suppose u0 = 0 on Γ0. Then there exists a unique weak solution of
(2.1), i.e., there exists a unique u ∈ H1

Γ0
(D) such that

a(u,v) =
�

D
(A∇u) ·∇vdx =

�

D
f vdx+

�

Γ1

gvds for all v ∈ H1
Γ0

(D). (2.6)
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Proof. In order to apply the Lax-Milgram-Theorem A.3, we need to check whether
the bilinear form

a : H1
Γ0

(D)×H1
Γ0

(D), (u,v) �→
�

D
(A∇u) ·∇vdx

is continuous and uniformly elliptic and the linear form

F : H1
Γ0

(D)→ R, v �→
�

D
f vdx+

�

Γ1

gvds

is bounded.
The boundedness of a follows from Hölder inequalities and (2.2.b),

a(u,v) ≤ �A�L∞(D,Rd×d)|u|H1(D)|v|H1(D) = β|u|H1(D)|v|H1(D). (2.7)

The ellipticity follows from the uniform positive definiteness (2.2.a) of A,

a(u,u) ≥ α�u,u�H1
Γ0

(D) = α|u|2H1(D). (2.8)

For any v ∈H1
Γ0

(D), Cauchy-Schwarz inequalities in L2(D) and L2(Γ1), Friedrichs’
inequality, and the linearity of the trace operator imply

|F(v)| =
����
�

D
f vdx+

�

Γ1

gvds
����

≤
����
�

D
f vdx

����+
����
�

Γ1

gvds
����

≤ � f �L2(D)�v�L2(D)+ �g�L2(Γ1)�v�L2(∂D)

≤ CF� f �L2(D)�∇v�L2(D)+ �g�L2(Γ1)�v�L2(∂D)

≤ CF� f �L2(D)�∇v�L2(D)+Cγ�g�L2(Γ1)�v�H1(D).

Since �v�2
H1(D)

≤ (1+C2
F)�∇v�2

L2(D)
we deduce that

|F(v)| ≤ �
CF� f �L2(D)+Cγ�g�L2(Γ1)(1+C2

F)1/2��∇v�L2(D). (2.9)

Therefore, F is a bounded linear functional on H1
Γ0

(D) and the Lax-Milgram-Theorem
(see Corollary A.3) implies the assertion. ��

In case of inhomogeneous Dirichlet data u0 � 0 we decompose the (unknown)
solution into u = ũ+ ũ0, where ũ0 ∈ H1(D) satisfies ũ0|Γ0 = u0 and ũ ∈ H1

Γ0
(D), i.e.,

ũ|Γ0 = 0 (note that ũ0 is known and ũ is unknown). In order to find a weak solution
of (2.1) we then try to find ũ ∈ H1

Γ0
(D) such that

�

D
(A∇(ũ+ ũ0)) ·∇vdx =

�

D
f vdx+

�

Γ1

gvds for all v ∈ H1
Γ0

(D),
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or equivalently
�

D
(A∇ũ) ·∇vdx =

�

D
f vdx+

�

Γ1

gvds−
�

D
(A∇ũ0) ·∇vdx for all v ∈ H1

Γ0
(D),

or equivalently
a(ũ,v) = F̃(v) for all v ∈ H1

Γ0
(D),

where
F̃(v) :=

�

D
f vdx+

�

Γ1

gvds−a(u0,v). (2.10)

Theorem 2.4 (Existence and uniqueness of weak solutions). There exists a unique
weak solution u ∈ H1(D) of the model problem (2.1) and

|u|H1 ≤ 1
α
�F�(H1

Γ0
(D))∗ ≤

1
α

�
� f �(H1

Γ0
(D))∗ + �g�H−1/2(Γ1)+β|ũ0|H1(D)

�
. (2.11)

Proof. The combination of the estimates (2.7) and (2.9) shows F̃ defined in (2.10)
above is a bounded linear functional on H1

Γ0
(D). The statement then follows from

the Lax-Milgram-Theorem A.3. ��

2.2 Sobolev regularity for constant coefficient

The remaining part of this chapter discusses the regularity of weak solutions in
Sobolev scales. To keep the focus on the impact of the coefficient, we restrict
ourselves to the case of homogenous Dirichlet boundary conditions, that is, we
assume Γ1 = ∅ and u0 = 0 throughout the remaining part of this chapter. Moreover,
A is assumed to be symmetric or even scalar.

We shall recall some classical regularity results for the case of constant coeffi-
cients. Every weak solution u of the model problem (2.4) with constant coefficient
A = Ed the d-dimensional identity matrix allows some pointwise first and second
derivatives almost everywhere (which coincide with its respective weak or distribu-
tional derivatives) written Du and D2u and the following holds.

Theorem 2.5 (Local regularity). Let u ∈ H1
0(D) be the weak solution of (2.4) with

A = Ed. For any compactly included open set G ⊂⊂ D there exists some constant
C(G,D) > 0 such that

Du|G ∈ L2(G;Rd) and D2u|G ∈ L2(G;Rd×d
sym )

and
���D2u

���
L2(G) ≤C(G,D)� f �L2(D) .

This result holds up to the boundary, if ∂D is smooth and Γ0 = ∂D and u0 = 0 in
(2.4).
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Theorem 2.6 (Global regularity). Let u ∈ H1
0(D) be the weak solution of (2.4). For

a C2 domain D, there exists a constant C(D) > 0 such that for any right-hand side
f ∈ L2(D) the weak solution u ∈ H1

0(D) belongs to H2(D) and
���D2u

���
L2(D) ≤C(D)� f �L2(D) .

Theorem 2.7 (Global higher regularity). Let u ∈ H1
0(D) be the weak solution of

(2.4) and 2 ≤ m ∈ N. For a Cm domain D, there exists a constant C(D,m) > 0 such
that for any right-hand side f ∈ Hm−2(D) the weak solution u ∈ H1

0(D) belongs to
Hm(D) and

�u�Hm(D) ≤C(D,m)� f �Hm−2(D).

For more general situations and for proofs we refer to, e.g., the textbook of Evans
[2].

The assumption on the smoothness of the boundary of the domain D can be relaxed
if D is convex. We consider only the case of homogenous Dirichlet conditions, i.e.,
Γ0 = ∂D and u0 = 0 in (2.4).

Theorem 2.8 (H2 regularity for convex domains). The weak solution u ∈ H1
0(D)

on any convex Lipschitz domain satisfies that u ∈ H2(D). Moreover, it holds that
���D2u

���
L2(D) ≤ � f �L2(D) .

A proof for convex polygons may be found in [4].
The results of the previous section can be generalized to the case of smooth

coefficients, i.e. for smooth data (domain D and diffusion coefficient A) the condition
f ∈ Hm−2(D) implies u ∈ Hm(D) and there is some constant C (depending on the data
and m) such that

�u�Hm(D) ≤C � f �Hm−2(D) ,

see Theorem 2.7 and popular textbooks, e.g., [3] and [2].
If the domain D is polygonal and/or A is only piecewise smooth and discontinuous

along polygonal interfaces, high order regularity can be preserved in weighted
Sobolev spaces [6, 4, 7, 5, 1].

Straight-forward computations show that the constant C in the above regularity
estimate depends on the L∞ norms of derivatives of the coefficient A, e.g. C =
C(�∇A�L∞(D)) for m = 2. Considering highly variable A as in Section 1.3.1, this
results in a constant C ≈ 1

ε for some small parameter ε.

2.3 Sobolev regularity for scalar variable coefficients

Consider a model problem with coefficient A(x) = κ(x)Ed and κ ∈ L∞(D, [α,β]). The
results of the previous section can be generalized to this setting if the data is smooth.
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For a smooth κ and domain D, the condition f ∈ Hm−2(D) still implies u ∈ Hm(D)
and the estimate

�u�Hm(D) ≤C(D,A,m)� f �Hm−2(D)

also holds (see [3] and [2]).

For the case m = 2, straight-forward computations show that C(D,A) in the reg-
ularity estimate scales like the L∞-norm of the gradient of A.

Corollary 2.1. Let A ∈W1,∞(D)∩M(D,α,β) be scalar and D be a convex Lipschitz
domain. Then the weak solution u ∈ H1

0(D) of Problem 2.4 with Γ1 = ∅,g = 0,u0 = 0
and f ∈ L2(D) satisfies u ∈ H2(D) and

���D2u
���

L2(D) ≤C(D,A)� f �L2(D).

Proof. The product rule shows (A : D→ R)

div A∇u = AΔu+∇A ·∇u,

hence

Δu = A−1(AΔu)
= A−1 div A∇u−A−1(∇A ·∇u).

This implies

�Δu�L2(D) ≤ α−1
�
�div A∇u����������
=− f

�+ �∇A�L∞(D) �∇u�L2(D)��������������
≤α− 1

2 diam D
π � f �L2(D)

�

≤ α−1
�
1+α−

1
2

diam D
π
�∇A�L∞(D)

�

��������������������������������������������������������������������������
=C(D,A)

� f �L2(D). ��
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Chapter 3
Analytical approaches and methods

Abstract This chapter is devoted to a brief survey of G- and H-convergence as well
as an constructive approaches in the mathematical theory of homogenization, i.e. the
energy method.The chapter is meant to be a short introduction rather than a complete
overview. The aim is to get an idea of this field of research. The presentation follows
the survey [1] to a large extent.

3.1 G- and H-Convergence

Let D ⊂ Rd be a bounded Lipschitz domain and α,β be positive constants such that
0 < α ≤ β <∞. Recall the definition of the setM(D,α,β) of admissible diffusion
tensors on D with uniform coercivity constant α and L∞(D)-bound β,

M(D,α,β) =


A ∈ L∞(D;Rd×d) s.t. α|ξ|2 ≤ (A(x)ξ) · ξ ≤ β|ξ|2

for a.e. x ∈ D and all ξ ∈ Rd

 . (3.1)

In this chapter, we consider a sequence (Aε) ⊂M(D,α,β) of admissible diffusion
tensors indexed by a sequence of positive numbers ε tending to zero. Note that we
do not assume symmetry of Aε in general. We have seen in Chapter 2 that, for any
f ∈ L2(D) and any Aε, there exists a unique weak solution uε ∈ H1

0(D) of

−div(Aε∇uε) = f in D,

uε = 0 on ∂D,

 (3.2)

and uε satisfies
�∇uε�L2(D) ≤ α−1CF� f �L2(D);

see Lax-Milgram-Theorem A.3.

35



36 3 Analytical approaches and methods

The mathematical theory of homogenization is concerned with the existence of some
limiting coefficient A0 ∈ L∞(D;Rd×d) such that, for any f ∈ L2(D), the sequence of
solutions uε converges (in a suitable sense) to a limit u0 ∈ H1

0(D) that solves

−div(A0∇u0) = f in D,

u0 = 0 on ∂D.

 (3.3)

If such A0 exists and if A0 ∈M(D,α�,β�) for some 0 < α� ≤ β� < ∞, it is called
homogenized / effective coefficient and the corresponding well-posed diffusion prob-
lem (3.3) is denoted the homogenized / effective problem. Its unique solution u0 is
the homogenized / effective solution of (3.2).

Under the additional assumption of symmetry of Aε, G-convergence as introduced
by Spagnolo [8] is an appropriate notion of convergence in this context.

Definition 3.1 (G-convergence). The sequence of symmetric tensors (Aε)⊂M(D,α,β)
is said to G-converge to a limit A0 as ε tends to zero if, for any f ∈ L2(D), the se-
quence of solutions (uε) converges weakly in H1

0(D) to a limit u0 ∈ H1
0(D), which is

the unique solution of the homogenized problem (3.3).

The previous definition makes sense because the following compactness result of
the set of admissible symmetric tensors

Msym(D,α,β)� {A ∈M(D,α,β) | A is symmetric a.e. in D}.

Theorem 3.1. For any sequence (Aε) ⊂Msym(D,α,β) there exists a subsequence
(again indexed by ε) and a homogenized limit A0 ∈Msym(D,α,β) such that Aε
G-converges to A0.

Proof. See [8]. ��
Remark 3.1 (One-dimensional periodic case.). In Chapter 1, Section 1.3.2, we have
seen that in one dimension (whereMsym =M) sequences of periodic coefficients Aε
of the form

Aε(x) = A1( x
ε )

with A ∈ L∞(0,1) 1-periodic satisfy the definition of G-convergence and the G-limit

A0 =

�� 1

0
A−1

1 (x)dx
�−1

equals the harmonic mean of A1. Such explicit result holds only in one dimension, no
explicit formulas are available in higher dimensions, not even in the periodic case.

We shall state some useful properties of G-convergence.

Proposition 3.1. (a) If a sequence (Aε) G-converges, then the G-limit is unique.



3.1 G- and H-Convergence 37

(b) If (Aε) and (Bε) are two sequences that G-converge to A0 and B0, respectively,
and if Aε = Bε in some subdomain D� ⊂ D that is strictly included in D, then
A0 = B0 in D�. This property is called locality of G-convergence.

(c) The G-limit of a sequence is independent of the source term f and the boundary
condition on ∂D.

(d) If Aε G-converges to A0, then the sequence of energy densities (Aε∇uε) ·∇uε
converges to (A0∇u0) ·∇u0 in the sense of distributions in D.

The generalization of G-convergence so non-symmetric problems is H-conver-
gence that was introduced by Murat and Tartar [5, 6, 7, 9].

Definition 3.2 (H-convergence). The sequence of admissible tensors (Aε)⊂M(D,α,β)
is said to H-converge to a limit A0 as ε tends to zero if, for any f ∈ L2(D), the se-
quence of solutions (uε) converges weakly in H1

0(D) to a limit u0 ∈ H1
0(D), and the

sequence of fluxes Aε∇uε converges weakly in L2(D) to A0∇u0, where u0 is the
unique solution of the homogenized problem (3.3).

This definition makes sense because of the the following compactness result.

Theorem 3.2. For any sequence (Aε)⊂M(D,α,β) there exists a subsequence (again
indexed by ε) and a homogenized limit A0 ∈M(D,α, β

2

α ) such that Aε H-converges
to A0.

There is a constructive proof of a variant of the theorem based on the so-called energy
method of the next section (cf. Theorem 3.3). A detailed proof may be found in [5]
and [7].

Remark 3.2. (a) Like G-convergence, H-convergence satisfies the properties stated
in Proposition 3.1, namely uniqueness of the H-limit, locality, independence of
source and boundary condition and distributional convergence of (Aε∇uε) ·∇uε to
(A0∇u0) ·∇u0.

(b) The set M(D,α,β) is not stable with respect to H-convergence, because the
L∞(D) bound of the H-limit can be increased by a factor β/α ≥ 1. This is a
specific effect of non-symmetry of a sequence. (In physical terms, it means that
microscopic convective phenomena can yield macroscopic diffusive effects.)

(c) The requirement of convergence of fluxes in the definition of H-convergence is
necessary to ensure uniqueness of the H-limit, as seen in the following example.

Example 3.1. Let B be a constant skew-symmetric matrix in Rd×d, i.e., its entries
satisfy

Bi j = −Bji for all 1 ≤ i, j ≤ d.

Then any sufficiently smooth function u0 satisfies

−div(B∇u0) = −
d�

i, j=1

Bi j∂i ju0 = −B����
skew-sym.

: D2u0����
sym.

= 0
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Therefore, if u0 is a solution of the homogenized problem (3.3), then u0 also solves

div
�
(A0+B)∇u0

�
= f in D,

u0 = 0 on ∂D.

If the definition of H-convergence would coincide with the definition of G-
convergence, this simple calculation would contradict the desired property of unique-
ness of the H-limit. The role of the convergence of fluxes is exactly to ensure such
uniqueness.

3.2 The energy method

We will now prove the compactness result of Theorem 3.2 using the so-called en-
ergy method of Tartar and Murat which is also called the method of oscillating test
functions. Beyond its theoretical interest in this context it is also relevant in practical
applications because it provides a recipe for the homogenization of any second-order
elliptic system. For the sake of simplicity, we present the method for a periodic
model problem only. For the non-periodic case we refer to [5, 7, 3, 4].

Let Y � (0,1)d denote the rescaled unit cube and let ε > 0 be a very small para-
meter. Given positive constants α,β as in the previous sections, we consider periodic
admissible coefficients Aε of the following form. Let

A ∈ C(D; L∞# (Y;Rd×d))

and set Aε(x)� A(x, x
ε ). A(x,y) is smooth with respect to the so-called slow variable

x ∈ D and Y-perodic with respect to the so-called fast variable y ∈ Y . The function
A satisfies the usual coercivity and boundedness conditions, i.e., for any ξ ∈ Rd and
almost all (x,y) ∈ D×Y ,

α|ξ|2 ≤
�
A(x,y)ξ

�
· ξ ≤ β|ξ|2. (3.4)

This implies that, for any ε > 0, Aε ∈M(D,α,β).

The goal of this section is to prove the following homogenization result for a se-
quence of such periodic coefficients Aε indexed by a positive zero sequence ε and
corresponding solutions uε ∈ H1

0(D) of the model diffusion problem (3.2).

Theorem 3.3. The sequence of solutions (uε) of (3.2) converges weakly in H1
0(D)

and strongly in L2(D) to a limit u0 ∈ H1
0(D) which is the unique solution of the

homogenized problem (3.3). The homogenized diffusion coefficient A0 is defined by
its entries
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�
A0(x)

�

i j
�

�

Y

�
A(x,y)(e j+∇yw j(x,y))

�
·
�
ei+∇ywi(x,y)

�
dy, (3.5)

where wi(x,y) are defined, at each point x ∈ D and each coordinate direction i ∈
{1, . . . ,d}, as the unique solutions in H1

#(Y)/R of the so-called cell problems

−divy

�
A(x,y)(ei+∇ywi(x,y))

�
= 0 in Y ,

y �→ wi(x,y) Y-periodic,


(3.6)

with the canonical basis (ei)d
i=1 of Rd.

Remark 3.3. The cell problems (3.6) are well posed. Using Poncaré’s inequality
Theorem A.22, it is easily checked that the bilinear form

(v,w) �→
�

Y

�
A(x,y)∇yv(y)

�
·∇w(y)dy

associated with the variational formulation is coercive on periodic functions H1
#(Y)/R

(factorized by constants) with coercivity constant (1−C2
P)/α. Moreover the functional

v �→
�

Y
−
�
A(x,y)ei

�
·∇vdy

is linear and bounded on H1
#(Y)/R by β so that the Lax-Milgram-Theorem A.3 is

applicable.

Remark 3.4. Theorem 3.3 is consistent with our findings in Section 1.3.2, where
D = (0,1), A(x,y) = A1(y) independent of the slow variable. In one dimension the
cell problem reads

− ∂
∂y

�
A(x,y)

∂

∂y
w1(x,y)

�
=
∂

∂y
A(x,y)

and straight forward computations show that

w1(x,y) = w(y) = −y+
�� 1

0
A−1

1 (z)dz
�−1 � y

0
A−1(z)dz + c

and

w�(y) = −1+
�� 1

0
A−1

1 (z)dz
�−1

A−1(y).

According to (3.5), the homogenized coefficient, hence, reads

A0 =

�� 1

0
A−1

1 (z)dz
�−1

,

which is in agreement with Section 1.3.2.
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The proof of Theorem 3.3 relies on the following result on periodic functions.

Lemma 3.1. Let w ∈ C(D; L2
#(Y)) and set wε(x)� w(x, x

ε ). Then the sequence (wε)
converges weakly in L2(D), as ε tends to zero, to

w0 : x �→
�

Y
w(x,y)dy ∈ L2(D).

Proof. A detailed proof may be found, e.g., in [2]. To understand the key idea of
the proof, we shall first consider the case where w does not depend on x, wε is a
ε-periodic function in D, and w0 is a constant (w0 is the mean value of w and all wε).
Let Qε be a regular subdivision of D into cubes of size ε (shifted and scaled copies
of Y). Let

Πε : L2(D)→ P0(Qε)
be the L2(D) orthogonal projection onto Qε-piecewise constants. Obviously, we have,
for any v ∈ L2(D) and any Q ∈ Qε,

(Πεv)|Q = −
�

Q
v(z)dz.

In particular, we have that
w0 = Πεw = Πεwε

for any ε. This implies that
�

D
(wε−w0)vdx =

�

D
(wε−Πεwε)(v−Πεv)dx,

=

�

D
wε(v−Πεv)dx

using the orthogonality of Πε. Since
�
ε>0 P0(Qε) is dense in L2(D) and �wε�L2(D) =

�w�L2(D) for all ε > 0, we finally get

0 ≤ lim
ε→0

�����
�

D
(wε−w0)vdx

����� ≤ �w�L2(D) lim
ε→0
�v−Πεv�L2(D) = 0.

Since v ∈ L2(D) was arbitrary, this is the assertion for the case where w is independent
of x.

For the general case, observe that we have just proved

lim
ε→0

�����
�

D
(wε−Πεwε)vdx

����� = lim
ε→0

�����
�

D
wε(v−Πεv)dx

�����
≤ �w�C(D;L2

#(Y)) lim
ε→0
�v−Πεv�L2(D)

= 0.

Noting that Πεwε→ w0 in L2(D), this is the assertion. ��
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Proof (Theorem 3.3). Let ϕ ∈D(D) be a smooth function with compact support in
D. The oscillating test function ϕε is defined by

ϕε(x)� ϕ(x)+ε
d�

i=1

∂ϕ

∂xi
(x)w∗i (x, x

ε ), (3.7)

where w∗i (x, ·) is defined for any x ∈ D as the unique solution in H1
#(D)/R of the dual

cell problem

−divy

�
AT (x,y)(ei+∇yw∗i (x,y))

�
= 0 in Y ,

y �→ w∗i (x,y) Y-periodic.


(3.8)

The difference between (3.6) and (3.8) is that A(x,y) has been replaced by its trans-
pose AT (x,y). If A were symmetrc than w∗i (x,y) coincides with the solution wi(x,y) of
the (primal) cell problem (3.6). For the sake of simplicity we assume that A is continu-
ously differentiable with respect to x with partial derivatives in C(D; L∞# (Y;Rd×d)).
Under this assumption, the function x �→ w∗i (x, x

ε ) ∈ H1(D) and, hence, ϕε ∈ H1(D).
Since ϕε inherits the compact support of ϕ, we even get ϕε ∈ H1

0(D). Using ϕε as a
test function in the variational formulation of (3.2), we get

�

D

�
A(x, x

ε )∇uε(x)
�
·∇ϕε(x)dx =

�

D
f (x)ϕε(x)dx. (3.9)

It is easy to see that the right-hand side tends to
�

D
f (x)ϕ(x)dx

as ε tends to zero. Since

∇ϕε(x) =
d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x, x

ε )
�
+ε

d�

i=1

�
∂∇ϕ
∂xi

(x)w∗i (x, x
ε )+
∂ϕ

∂xi
(x)∇xw∗i (x, x

ε )
�
,

the left-hand side of (3.9) can be written as

�

D
A(x, x

ε )∇uε(x) ·
d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x, x

ε )
�
dx

+ε

�

D
A(x, x

ε )∇uε(x) ·
d�

i=1

�
∂∇ϕ
∂xi

(x)w∗i (x, x
ε )+
∂ϕ

∂xi
(x)∇xw∗i (x, x

ε )
�
dx. (3.10)

The second term is bounded by some multiple of
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ε�A�C1(D;L∞(Y;Rd×d))� f �H−1(D)�ϕ�C2(D)

d�

i=1

�w∗i �H1(D)

and, hence, tends to zero in the limit ε→ 0. Integration by parts in the first term of
(3.10) yields

�

D
A(x, x

ε )∇uε(x) ·
d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x, x

ε )
�
dx

= −
�

D
uε(x)div

�
AT (x, x

ε )
d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x, x

ε )
��

dx

����������������������������������������������������������������������������������������������������������
�g(x, xε )

.

Computing the divergence in g with y = y(x) = x
ε yields

g(x,y) = divx

�
AT (x,y)

d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x,y)

��

+
1
ε

d�

i=1

∂ϕ

∂xi
(x)divy

�
AT (x,y)

�
ei+∇yw∗i (x,y)

������������������������������������������������������������������
=0 by (3.8)

��
.

Therefore, g ∈C0(D; L∞# (Y)) and x �→ g(x, x
ε ) converges weakly in L2(D) to its average

x �→
�

Y
g(x,y)dy

by Lemma 3.1. Recall further that (uε) is bounded in H1(D) and the Rellich theorem
(Theorem A.21) ensures that there is a subsequence (again indexed by ε) and a limit
u0 ∈ L2(D) such that uε→ u0 strongly in L2(D). This allows us to pass to the limit in
(3.10) and

lim
ε→0

�

D

�
A(x, x

ε )∇uε(x)
� ·∇ϕε(x)dx

= −
�

D
u0(x)divx

��

Y
AT (x,y)

d�

i=1

∂ϕ

∂xi
(x)

�
ei+∇yw∗i (x,y)

�
dy

����������������������������������������������������������������������������������������������������
�AT

0 (x)∇ϕ(x)

�
dx

=

�

D
∇u0(x) ·

�
AT

0 (x)∇ϕ(x)
�
dx

=

�

D

�
A0(x)∇u0(x)

�
·∇ϕ(x)dx

(3.9)
=

�

D
f (x)ϕ(x)dx.
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As ϕ ∈D(D) was arbitrary, and by density ofD(D) in H1
0(D), the result holds for all

ϕ ∈ H1
0(D).

Hence u0 satisfies the homogenized problem (3.3). Since A0 satisfies the same
coercivity bound as A, the Lax-Milgram-Theorem A.3 states that the solution u0 ∈
H1

0(D) of (3.3) is unique. This implies that any subsequence (uε) converges to the
same limit u0 and, hence, the entire sequence (uε) converges strongly in L2(D) to
the homogenized solution u0. The weak convergence in H1

0(D) follows from the
following duality argument.
Let F ∈ H−1(D). Then, for any ε > 0, there exists zε ∈ H1

0 such that

F(uε) =
�

D

�
Aε(x)∇uε(x)

�
·∇zε(x)dx =

�

D
f (x)zε(x)dx.

The previous proof shows that zε→ z0 strongly in L2(D), where z0 ∈ H1
0(D) solves

�

D

�
A0(x)∇v(x)

�
·∇z0(x)dx = F(v) for all v ∈ H1

0(D).

This yields, for ε→ 0, that

F(uε) =
�

D
f (x)zε(x)dx→

�

D
f (x)z0(x)dx = F(u0). ��

Remark 3.5. (a) Theorem 3.3 implies that the sequence of diffusion coefficients
(Aε) H-converges to the homogenized coefficient A0 defined in (3.5). To see this,
let f ∈ L2(D) and ϕ ∈D(D). Then

�

D
Aε∇uε ·∇ϕdx =

�

D
Aε∇uε ·∇ϕε dx+

�

D
Aε∇uε ·∇(ϕ−ϕε)dx,

������������������������������������������������������
=
�

D f (ϕ−ϕε)dx

(3.11)

with ϕε defined in (3.7).
The previous proof shows that

�

D
Aε∇uε ·∇ϕε dx→

�

D
A0∇u0 ·∇ϕdx

while the second term on the right-hand side of (3.11) tends to zero as ε→ 0.
Since ϕ ∈D(D) was arbitrary, this is the weak convergence of fluxes which was
the missing piece for H-convergence.

(b) Recall that the homogenized coefficient A0 satisfies the same coercivity bound
as Aε but the L∞(D)-bound may be amplified by a factor β/α.

(c) Note that even for scalar Aε the homogenized coefficient might be truly matrix
valued.
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Chapter 4
Finite element approximation of the
homogenized model problem

Abstract This chapter aims to study the numerical solution of the homogenized
equations derived in the previous chapter. We will focus on linear finite elements
and investigate the error committed by this approach when compared with either the
homogenized or the original model problem.

4.1 Elliptic model problems

Consider the abstract variational problem posed in some closed subspace V ⊂ H1(D)
of H1(D): Find u ∈ V such that

a(u,v) = F(v) for all v ∈ V . (4.1)

Here, the bilinear form a : V ×V → R and the linear functional F : V → R are such
that the Lax-Milgram-Theorem A.3 is applicable, i.e., a is V-elliptic and bounded
and F is bounded. In this case there is a unique solution u ∈ V of (4.1) and

�u�H1(D) ≤ γ−1�F�V� , (4.2)

where γ is the ellipticity constant and V� is the dual space of V .
This abstract model problem covers all variational problems that we have seen in
Chapter 3, the oscillatory problem (3.2), the homogenized problem (3.3), as well as
the cell problem (3.6). In all these cases, the bilinear form a is defined by

a(u,v)�
�

D

�
A(x)∇u(x)

�
·∇v(x)dx

for u,v ∈ V with some admissible A ∈M(D,α,β) and 0 < α ≤ β. Here A refers to
Aε, A0 or A depending on the context. The other thing that varies is the boundary
condition encoded in the definition of V so that

45
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V =


H1

0(D) in (3.2) and (3.3),

H1
#(Y) in (3.6).

In all cases, γ is proportional to α.

4.2 Finite element meshes

The finite element method is based on a description of the physical domain D (or
the unit cell Y) in terms of regular simplicial meshes. Hence, in this lecture, we will
make the simplifying assumption that D is an open bounded connected polyhedral
domain in Rd for d ∈ {1,2,3}.
Definition 4.1 (Regular simplicial mesh). A finite subdivision

T � {T j | 1 ≤ j ≤ NT }

of D ⊂ Rd into closed non-empty simplices (denoted elements), i.e.

D =
NT�

j=1

T j,

is said to be regular if any two elements T1,T2 ∈T are either disjoint or share exactly
on vertex or one edge (d ≥ 2) or one face (d = 3).

The set of vertices of a regular mesh is denoted by N(T ). By F (T ) we will refer to
the set of (d−1)-dimensional intersections of elements, i.e., the set of edges in 2d
and the set of faces in 3d.

In this lecture, we will often quantify properties of associated finite element spaces
by a single mesh parameter - the mesh size, typically denoted by H or h. The mesh
size is the maximal diameter of elements from the mesh. We will index the mesh
by the mesh global size and write Th. Doing this, we will not be able to exploit any
sort of local mesh refinement in the error analysis and we will restrict ourselves
to quasi-uniform meshes. This is a reasonable choice for many homogenization
problems. Recall that quasi-uniform means that there are constants c(Th), C(Th) > 0
such that, for any two elements T ,K ∈ Th,

c(Th)|T | ≤ |K| ≤C(Th)|T |. (4.3)

We also assume meshes to be non-degenerate (or shape regular) in the sense that
there is a universal constant �(Th) > 0 such that, for any T ∈ Th,

�
|T |1/d ≤

�
diam(T ) ≤ �(Th)|T |1/d. (4.4)



4.4 Approximation properties 47

Of course, given a single regular mesh, one can always find constants c(TH), C(Th)
and �(TH) such that (4.3) and (4.4) hold true. The point is that we want these
constants to be independent of the mesh size. Whenever we deal with families of
meshes {Th}h>0 indexed by the mesh size h, we implicitly assume that the constants
c(Th), C(Th) and �(Th) are independent of h, so that the mesh properties (4.3) and
(4.4) remain unchanged under mesh refinement h→ 0.

4.3 Finite element spaces

Given a regular mesh Th with mesh size h > 0, we define the finite element space

S 1(Th)� {vh ∈C0(D̄)|∀T ∈ Th : vh|T is affine}

of continuous Th-piecewise affine functions over D. A basis of S 1(Th) is given by
the so-called hat functions Λz associated with the vertices z ∈N(Th) of the mesh. For
any z ∈N(Th), Λz ∈ S 1(Th) is the unique function that takes values

Λz(y) =


1, z = y

0, z � y

in the vertices y ∈N(Th). Any finite element function vh ∈ S 1(Th) is hence deter-
mined by its values in the vertices of the underlying mesh, i.e.,

vh(x) =
�

z∈N(Th)

vh(z)Λz(x)

for all x ∈ D̄. We will denote by Vh the intersection of S 1(Th) with the solution space
V of the abstract model problem (4.1) that encodes essential boundary conditions. In
the case of homogeneous Dirichlet boundary conditions this means that

Vh = {vh ∈ S 1(Th) | ∀z ∈N(Th)∩∂D : vh(z) = 0}.

A meaningful definition of Vh = S 1(Th)∩H1
#(D) in the case of periodic boundary

conditions for the cell problems requires periodicity of the underlying mesh in the
sense that the traces of the mesh on opposite faces of the unit cube Y = [0,1]d (which
is the domain D in this case) match. See Figure 4.1 for an illustration.

4.4 Approximation properties

Before we apply finite elements in a Galerkin approach for the discretization of the
variational problem, we shall recall its stability and approximation properties. For
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(a)

(b)

Fig. 4.1 (a) A sequence of prototypical periodic meshes of the unit square. (b) A mesh that is not
periodic.

this purpose we introduce some Clément-type quasi-interpolation operator based on
volumetric averaging.

Definition 4.2 (Quasi-interpolation operator). Given some regular mesh Th, a
quasi-interpolation operator Ih : L2(D)→ S 1(Th) is defined, for any v ∈ L2(D), by
its values

(Ihv)(z)�
�����{K ∈ Th | z ∈ K}

�����
−1 �

T∈Th:z∈T
Π1

T (v)(z)

in the vertices z ∈ N(Th) of Th. Here the operators Π1
T from L2(T ) into the set

of affine functions are L2(T )-orthogonal projections onto affine functions on the
element T , i.e., �

T
Π1

T (v)wdx =
�

T
vwdx

for all affine functions w.

Remark 4.1. The operator Ih in Definition 4.2 is a projection, i.e., for any finite
element function vh ∈ S 1(Th), we have that

Ihvh = vh.

Lemma 4.1 (Stability and approximation of the quasi-interpolation). The oper-
ator Ih of Definition 4.2 has the following properties. There is a constant CI > 0
independent of the mesh size h such that for any T ∈ Th and

(a) any v ∈ L2(D)
�Ihv�L2(T ) ≤CI�v�L2(N(T ))

(b) any v ∈ H1(D)
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�∇Ihv�L2(T )+h−1�v− Ihv�L2(T ) ≤CI�∇v�L2(N(T ))

(c) any v ∈ H2(D)

�∇(v− Ihv)�L2(T )+h−1�v− Ihv�L2(T ) ≤CIh
���D2v

���
L2(N(T )) ,

where N(T ) denotes the element patch of T , i.e.,

N(T )�
��

K ∈ Th | K∩T � ∅
�
.

Remark 4.2. Note that, on a periodic mesh Th, the quasi-interpolation operator Ih
preserves periodicity, i.e., if v ∈ H1

#(D), then Ihv ∈ H1
#(D)∩S 1(Th). In particular, for

any constant function v we have that Ihv = v.

Proof (Lemma 4.1). For the proof it is useful to rewrite the operator Ih as the concate-
nation of the L2(D)-orthogonal projection Π1

h onto the space of (discontinuous) Th-
piecewise affine functions P1(Th) and the averaging operator Eh : P1(Th)→ S 1(Th)
that maps discontinuous finite element functions onto continuous ones by nodal
averaging, i.e., for any z ∈N(Th),

Ehvh(z)� {K ∈ Th | z ∈ K}−1
�

T ∈Th:
z∈T

�
vh|T

�
(z).

Since Π1
h (v)|T = Π1

T (v) is the L2(T ) best approximation of v on an element T , we
have that (a), (b) and (c) are valid for Π1

h instead of Ih (even with N(T ) replaced by
T on the right-hand sides). This follows from the inverse inequality

�∇vh�L2(T ) ≤C diam(T )−1�vh�L2(T )

and standard approximation results such as the Poincaré inequality or, more generally,
the Bramble-Hilbert lemma [2] (see also [3, Ch. 4])

inf
vh∈P1(T )

�v− vh�Hk(T ) ≤Cm diam(T )m−k�v�Hm(T )

for some uniform Cm > 0 independent of diam(T ), with m ∈ N, k ∈ {0, ...,m−1}.
The second ingredient are stability and approximation properties of the averaging
operator Eh, i.e., for any T ∈ Th and any vh ∈ P1(Th),

�Ehvh�L2(T ) ≤C�vh�L2(N(T ))

and

�(1−Eh)vh�L2(T )+diam(T )�∇(1−Eh)vh�L2(T ) ≤Ch−1/2
�

F ∈F (Th):
F⊂T

�[vh]F�L2(F),
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where [vh]F denotes the jump of vh across the face F. For a proof of these bounds
we refer to [7].
The assertion follows by the combination of the previous results for Π1

h and Eh, the
observation that for any v ∈ H1(D), [v]F = 0 as well as the trace inequality for H1

functions. For details see [6] which contains a full proof for an even more general
result. ��
The operator in Definition 4.1 does not preserve homogeneous Dirichlet boundary
conditions as it is based on volumetric averaging. This means that, in general,
v ∈ H1

0(D) does not imply that Ihv ∈ H1
0(D). In connection with Dirichlet problems Ih

needs to be modified and one possibility how to do that is given below.

Definition 4.3 (Quasi-interpolation with homogeneous Dirichlet data). Given
some regular mesh, a quasi-uniform interpolation operator I0

h : H1
0(D)→ S 1(Th)∩H1

0(D)
that preserves homogeneous Dirichlet boundary conditions is given by

I0
hv�

�

z∈N(Th)∩D��������������
interior vertices

(Ihv)(z)Λz,

where Ih is the operator of Definition 4.2.

Fig. 4.2 The modified version of the interpolation operator fixes zero values on the boundary (and,
hence, all over the boundary) and takes values of Ihv at the interior vertices.

The stability and approximation properties of Lemma 4.1 remain valid under this
modification of the quasi-interpolation operator.

Lemma 4.2. The results of Lemma 4.1 remain valid for Ih replaced by I0
h provided

that v is taken from H1
0(D) in (a) and (b) and from H1

0(D)∩H2(D) in (c).

Proof. The proof for elements T that do not touch the boundary ∂D was already
given in Lemma 4.1. For the other elements the proof follows from similar arguments
and Friedrichs’ inequality. See [6] for details. ��
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4.5 Galerkin approximation and error estimates

The goal is to approximate the unknown solution u ∈ V of the abstract model prob-
lem (4.1) by a discrete function uh ∈ Vh ⊂ V in some finite element space Vh (cf.
Section 4.3) based on a regular mesh Th of D. Since u is only implicitely given
through the variational problem, the direct approximation by quasi-interpolation is
not available.
The most popular approach is Galerkin’s method. The idea is to simply replace the
infinite-dimensional space V in (4.1) by the finite-dimensional subspace Vh, i.e.,
the Galerkin method determines an approximation uh ∈ Vh of u ∈ V by solving the
discrete variational problem: Find uh ∈ Vh such that

a(uh,vh) = F(vh) (4.5)

for all vh ∈ Vh. Since Vh is a closed subspace of V , the Lax-Milgram-Theorem A.3
ensures well-posedness of (4.5), i.e., there is a unique solution uh ∈ Vh of (4.5) and

�uh�H1(D) ≤ γ−1�F�V� ;

cf. the corresponding bound on u in (4.2).
To quantify the error of this approach, let us re-interpret the Galerkin method as an
operator

Gh : V → Vh

that maps any u ∈ V onto its Galerkin approximation uh ∈ Vh that solves (4.5). This
operator is obviously linear and

a(u,vh) = F(vh) = a(Ghu,vh) (4.6)

for all vh ∈ Vh. If a is a scalar product, then the property 4.6 is called Galerkin
orthogonality, because it says that the error u−Ghu is a-orthogonal on the finite
element space Vh, i.e.,

a(u−Ghu,vh) = 0.

In other words, Gh is the a-orthogonal projection from V onto the subspace Vh. In
the general non-symmetric case (4.6) still shows that Gh is a projection. This suffices
to prove quasi-optimality in the sense that, for any vh ∈ Vh,

�u−uh�V = �(1−Gh)u�V
= �(1−Gh)(u− vh)�V
≤ �1−Gh�L(V ,V)�u− vh�V
= �Gh�L(V ,V)�u− vh�V .

(4.7)

Here we have used that the operator norms of a projection and its complementary
projection in a Hilbert space coincide, i.e.,

�1−Gh�L(V ,V) = �Gh�L(V ,V);
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see, e.g., [9]. It remains to check that Gh is bounded. Since a is V-elliptic and
bounded, we have that

α�Ghu�2V ≤ a(Ghu,Ghu)
(4.6)
= a(u,Ghu) ≤ β�u�V�Ghu�V .

Hence, the operator norm of Gh satisfies

�Gh�L(V ,V) = sup
0�v∈V

�Ghv�V
�v�V ≤ β

α
,

where the generic C is related to either the Friedrichs or the Poincaré inequality. This
and (4.7) lead to the error estimate for Galerkin’s method known as Céa’s lemma,

�u−uh�V ≤ βα min
vh∈Vh
�u− vh�V .

If a is symmetric, we even have the better bound

�u−uh�V ≤
�
β
α min

vh∈Vh
�u− vh�V .

Inserting vh = Ihu, where Ih is the quasi-interpolation operator of Definition 4.2 (in
the case of homogeneous Dirichlet boundary conditions take I0

h instead), yields an
upper bound of the error. Assuming u ∈ H2(D), Lemma 4.1 (resp. Lemma 4.2) yields

�u−uh�V ≤C βαC�Ih
���D2u

���
L2(D) .

Note that C�I is a modified version of the constant CI from Lemma 4.1--4.2.
We have seen in Section 2.3 that in convex domains with scalar coefficient A,
D2u ∈ L2(D;Rd×d) exists provided that A ∈W1,∞(D) and

���D2u
���

L2(D) ≤C
�
�A�W1,∞(D),α

�
�F�L2(D).

For less regular coefficients A ∈W s,∞(D) for some s ∈ [0,1], we only get bounds for
the H1+s(D) norm of u and the convergence rate is reduced correspondingly,

�u−uh�V ≤C
�
�A�W s,∞(D),α,β

�
hs�F�H−s(D). (4.8)

We shall now discuss (4.8) for each of the three model problems separately.
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4.5.1 Error of the direct finite element approximation of the
oscillatory model problem (3.2)

For the model problem (3.2) with an admissible coefficient Aε ∈M(D,α,β), (4.8)
yields an error estimate for the Galerkin approximation uε,h ∈ Vh = S 1(Th)∩H1

0(D)
of the solution uε ∈ V = H1

0(D) on a regular mesh of width h.
Provided that Aε is a bit more regular than just L∞, say Aε ∈ W s,∞(D;Rd×d), the
rate of convergence with respect to the mesh size is s. However, this rate is only
observed once the characteristic length scale ε is resolved by the mesh, i.e. hε−1 � 1,
see Chapter 1. In the error estimate this is encoded in the �• �W s,∞(D;Rd×d) norm of
the coefficient Aε which scales like ε−s for typical oscillatory coefficients such as
the one given in (1.10).
Altogether, we can expect that

�uε−uε,h�V ≤C(α,β)
�

h
ε

�s� f �L2(D). (4.9)

If Aε ∈W1,∞(D;Rd×d), then s = 1. The estimate (4.9) is sharp in the sense that there
are f ∈ L2(D) and c > 0 independent of h such that

�uε−uε,h�V ≥ c h
ε � f �L2(D).

In the cases of less regularity, the estimate (4.9) can be pessimistic with respect to
the rate s because the actual performance also depends on how the underlying mesh
is elongated with singularities of Aε but these subtle details are certainly beyond the
scope of this lecture.

4.5.2 Error of the Galerkin finite element approximation of the
homogenized model problem (3.3)

Here we are facing an admissible coefficient A0 ∈M(D,α,β2/α). Since variations
on the scale of ε have been averaged already, there will be no crucial ε-dependence
in the error.
Let TH be a regular mesh of D. As before, we use the capital letter H to indicate
that the mesh can be significantly larger than the microscopic parameter ε (H �
ε� h). We call H the scale of observation or interest. Let u0 ∈ H1

0(D) denote the
homogenized solution and

u0,H ∈ S 1(TH)∩H1
0(D)

its Galerkin finite element approximation. If A0 ∈W s,∞(D;Rd×d), then we have the
error estimate
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�u0−u0,H�V ≤C(�A0�W s,∞(D;Rd×d),α,β)H
s� f �L2(D).

4.5.3 Error of the finite element approximation of the cell problem

For the cell problem (3.6), we fix x ∈ D and a coordinate direction i ∈ {1, ...,d} and
we seek wi(x, ·) ∈ H1

#(Y)/R such that
�

Y

�
A(x,y)∇ywi(x,y)

�
·∇v(y)dy = −

�

Y

�
A(x,y)ei

�
·∇v(y)dy (4.10)

for all v ∈ H1
#(Y)/R. The Galerkin finite element method applied to (4.10) seeks

wi,δ(x, ·) ∈ Vδ(Y)� S 1(Tδ)∩H1
#(Y)/R

such that
�

Y

�
A(x,y)∇ywi,δ(x,y)

�
·∇vδ dy = −

�

Y

�
A(x,y)ei

�
·∇vδ dy (4.11)

for all vδ ∈ Vδ. Here Tδ is a regular periodic mesh of Y = [0,1]d. The mesh parameter
δ is linked to the fine scale discretization parameter h by rescaling, i.e., δ ≈ h/ε.
Before we can apply the error estimate (4.8) we need to compute the L2-norm of
the right-hand side. This requires smoothness of A, that is A(x, ·) ∈W1,∞(Y;Rd×d).
Observe that

�����−
�

Y

�
A(x,y)ei

�
·∇vdy

����� =
�����
�

Y
divy

�
A(x,y)ei

�
vdy

�����
≤ �divy(A(x, ·)ei)�L∞(Y)�v�L2(Y).

This means that under the smoothness assumption on the coefficient, the L2-norm of
the functional

Fx : v �→
�

Y
−
�
A(x,y)ei

�
·∇vdy

can be estimated by

�Fx�L2(Y) ≤Cd�A(x, ·)�W1,∞(Y;Rd×d).

Employing this and Remark (3.3) in (4.8) yields

�wi(x, ·)−wi,δ(x, ·)�H1(Y) ≤C(�A(x, ·)�2W1,∞(Y;Rd×d),α,β)δ.

If A(x, ·) ∈W s,∞(Y;Rd×d) is less smooth, we get
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�wi(x, ·)−wi,δ(x, ·)�H1(Y) ≤C(�A(x, ·)�2W s,∞(Y;Rd×d),α,β)δ
s. (4.12)

4.6 The heterogeneous multiscale method

In the previous section, we have discussed the finite element approximation of both
the homogenized problem and the cell problems that define the corresponding homo-
genized coefficient. We shall now put these pieces together to derive a computational
method for the approximation of the unknown homogenized solution u0 ∈ H1

0(D)
that solves (3.3).

Let A ∈C(D̄; L∞# (Y;Rd×d)), where Y = [0,1]d, and set Aε(x)� A(x, x
ε ) for x ∈ D as

in Section 3.2. Of course, A shall be such that Aε ∈M(D,α,β) for some 0< α≤ β<∞.
Theorem 3.3 characterizes the homogenized coefficient A0 ∈M(D,α,β2/α) by

[A0(x)] ji �
�

Y

�
A(x,y)(ei+∇ywi(x,y))

�
·
�
e j+∇yw j(x,y)

�
dy, (4.13)

where wi(x, ·) ∈ H1
#(Y)/R are defined, at each point x ∈ D, as the unique solutions

of (4.10). Note that we can as well drop the last term ∇yw j(x,y) in (4.13) without
changing the formula. To see this consider the variational formulation of (3.6) with
the test function w j(x, ·).
Replacing the correctors wi(x, ·) by their Galerkin finite element approximations
wi,δ(x, ·) ∈ S 1(Tδ)∩H1

#(Y)/R based on some regular periodic mesh Tδ of Y leads to
an approximative homogenized coefficient A0,δ ∈M(D,α,β2/α) defined by

[A0,δ(x)] ji =

�

Y

�
A(x,y)(ei+∇ywi,δ(x,y))

�
· e j dy (4.14)

where wi,δ(x, ·) are solutions of (4.11) for any x ∈D. The obvious idea for a numerical
method is to use A0,δ instead of A0. This leads to a perturbed homogenized problem
that seeks u0,δ ∈ H1

0(D) such that
�

D

�
A0,δ∇u0,δ

�
·∇vdx =

�

D
f vdx (4.15)

for all v ∈ H1
0(D). We then discretize (4.15) on the coarse regular target mesh TH of

D by the Galerkin finite element method. This defines an approximation

ũ0,H,δ ∈ VH � S 1(TH)∩H1
0(D)

that satisfies �

D

�
A0,δ∇ũ0,H,δ

�
·∇vH dx =

�

D
f vH dx (4.16)

for all vH ∈ VH . Assuming that the integral in (4.14) can be computed exactly for
any x ∈ D or approximated to high accuracy at negligible cost (which requires some
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knowledge of A(x, ·) or smoothness), we are left with the issue of evaluating the
bilinear form in (4.16) for the assembly of the finite element stiffness matrix. In the
heterogeneous multiscale method (HMM) introduced by E and Engquist [4, 5, 1],
this issue is resolved by numerical quadrature. Since we are only dealing with linear
finite elements, a one-point quadrature rule is sufficient, i.e.,

a0,δ(uH ,vH)�
�

D

�
A0,δ(x)∇uH

�
·∇vH dx

≈
�

T∈TH

|T |
�
A0,δ(cT )∇uH

�
·∇vH

� a0,H,δ(uH ,vH).

(4.17)

This means that A0,δ is replaced by the TH-piecewise constant approximation A0,H,δ ∈
P0(TH;Rd×d)∩M(D,α,β2/α) defined by

A0,H,δ|T � A0,δ(cT ) (4.18)

for any T ∈ TH , where cT � −
�

T xdx denotes the centroid of T .
The finite element heterogeneous multiscale method, hence, seeks u0,H,δ ∈ VH =

S 1(TH)∩H1
0(D) such that

a0,H,δ(u0,H,δ,vH) =
�

D
(A0,H,δ∇u0,H,δ) ·∇vH dx =

�

D
f vH dx (4.19)

for all vH ∈ VH . We have seen in the previous section that (4.19) is a well-posed
problem. The assembly of the corresponding system of linear equations in the basis
coefficients is standard. The difference to a standard finite element method is that the
evaluation of the approximative homogenized coefficient in the centroids requires
the solution of the finite element problem (4.10) with respect to the mesh Tδ of Y . In
the fully periodic case where A(x,y) = A(y) is independent of the slow variable, all
cell problems coincide and only one of them needs to be solved.

4.7 Error analysis of HMM approximation of the homogenized
solution

The following theorem quantifies the error of the method under certain smoothness
assumptions on A.

Theorem 4.1 (Error of the FE-HMM). Assume we have a coefficient

A ∈C1(D̄;W1,∞
# (Y;Rd×d))

with
Aε � A(·, ·ε ) ∈M(D,α,β)
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for any ε > 0. Then the error of the FE-HMM approximation u0,H,δ ∈ VH that solves
(4.19) can be bounded by

�u0−u0,H,δ�H1(D) ≤C(α,β)
�
�A�2C0(D;W1,∞(Y;Rd×d))δ+ �A�C1(D;L∞(Y;Rd×d))H

�
(4.20)

with some generic constant C(α,β) > 0 independent of the mesh parameters H and δ.

Proof. We shall split the error e� u0−u0,H,δ into three parts

e = (u0−u0,δ)��������������
�eδ

+ (u0,δ− ũ0,H,δ)������������������������
�eH

+ (ũ0,H,δ−u0,H,δ)����������������������������
�ẽH

,

the error eδ due to discretization of the cell problems, the error eH due to discret-
ization of the perturbed homogenized problem, and the error ẽH due to numerical
quadrature (one-point) of the approximative homogenized coefficient. All errors will
be estimated separately below.

(a) Estimation of eδ: Straight-forward computations show

α�∇eδ�2L2(D) ≤
�

D

�
A0,δ∇eδ

�
·∇eδ dx

=

�

D

�
A0,δ∇u0

�
·∇eδ dx−

�

D

�
A0,δ∇u0,δ) ·∇eδ dx

=

�

D

�
(A0,δ−A0)∇u0

�
·∇eδ dx

≤ �A0,δ−A0�L∞(D;Rd×d)�∇u0�L2(D)�∇eδ�L2(D).

The error in the homogenized coefficient can be estimated pointwise for any x ∈ D
and any component ( j, i) ∈ {1, ...,d}2 by
�����[A0(x)] ji− [A0,δ(x)] ji

����� =
�

Y

�
A(x,y)(ei+∇ywi(x,y))

�
· e j−

�
A(x,y)(ei+∇ywi,δ(x,y))

�
· e j dy

=

�

Y

�
A(x,y)∇y(wi(x,y)−wi,δ(x,y))

�
· e j dy

≤ β�∇y
�
wi(x, ·)−wi,δ(x, ·)��L2(Y)

(4.12)≤ C(α,β)�A(x, ·)�2W1,∞(Y;Rd×d)δ.

The combination of the previous two estimates and the well-posedness of the homo-
genized problem yield

�∇eδ�L2(D) ≤C
�
α,β,�A�2C0(D̄;W1,∞(Y;Rd×d))

�
δ� f �L2(D) (4.21)

with some constant C independent of δ.
For the remaining part of this proof we introduce the short hand notation a � b
whenever there is a constant C that may depend on α, β and derivatives of A but not
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on mesh parameters δ, H and the microscopic length scale ε such that a ≤Cb. With
this notation (4.21) reads

�∇eδ�L2(D) � δ� f �L2(D).

(b) Estimation of eH: This error is the standard discretization error when approxi-
mating the solution of (4.15) by the Galerkin approximation that solves (4.16). This
error has been quantified in Section 4.5.2 and we get

�u0,δ− ũ0,H,δ�L2(D) � H� f �L2(D).

Here the hidden constant depends on �A0,δ�W1,∞(D;Rd×d) which can be bounded in
terms of �A�C1(D̄;L∞(Y;Rd×d)).

(c) Estimation of ẽH: The same arguments as in (a) yield

�∇ẽH�L2(D) ≤ α−1�A0,δ−A0,H,δ�L∞(D;Rd×d)�∇u0,δ�L2(D).

For any T ∈ TH , some x ∈ T and (i, j) ∈ {1, ...,d}2, we have that

|[A0,δ(x)]i j− [A0,H,δ(x)]i j| = |[A0,δ(x)]i j− [A0,δ(cT )]i j|
� �A0,δ�C1(D;Rd×d) |x− cT |������

≤H

� H�A�C1(D̄;L∞(Y;Rd×d)).

The combination of the previous estimates and the stability of Galerkin’s method
yield

�∇ẽH�L2(D) � H� f �L2(D).

The combination of the results of (a) - (c) readily yields the assertion. ��
Assuming symmetry of A, the bound can be improved,

�u0−u0,H,δ�H1(D) ≤C(α,β)
�
�A�2C0(D;W1,∞(Y;Rd×d))δ

2+ �A�C1(D;L∞(Y;Rd×d))H
�
.

If we measure the error in the L2(D) norm, then Theorem 4.1 and Friedrichs’ inequal-
ity lead to the trivial bound

�u0−u0,H,δ�L2(D) ≤C(α,β,�A�C1(D̄;W1,∞
# (Y;Rd×d))(H+δ

2)

in the symmetric case. In order to get improved bounds, we need to assume additional
regularity with respect to the slow variable. If A ∈ C2(D̄;W1,∞

# (Y;Rd×d)), then a
modification of the arguments of the proof of Theorem 4.1 and the use of duality
arguments lead to rate-optimal bounds for the error of the HMM in the L2 norm

�u0−u0,H,δ�L2(D) ≤C(�A�C2(D̄;W1,∞
# (Y;Rd×d)),α,β)(δ+H)2. (4.22)
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Note that for this error bound the choice of the centroids as quadrature points is
crucial.

4.8 Error of HMM with respect to the original oscillatory
solution

In contrast to the previous section, where we have studied the error in approximat-
ing the homogenized solution u0, we are now aiming at the error of the HMM in
approximating the original oscillatory solution uε for some fixed ε > 0. Clearly, we
will have to measure the error in the L2(D) norm as in the H1(D) norm not even the
best-approximation in the finite element space is an appropriate approximation unless
ε is resolved by the underlying mesh (which is not the regime we are interested in
in homogenization problems). We have seen in the previous section that the error
u0−u0,H,δ of the HMM when compared with the homogenized solution is O(H2+δ2);
see (4.22). What remains is a quantification of the rate of convergence of uε to u0 in
L2(D). This quantification is independent of the actual discretization scheme and is
merely a supplement of Chapter 3. We cite only a recent result of [8], which is the
sharpest one for our purposes.

Theorem 4.2 (Quantified homogenization error). Let the assumption of The-
orem 3.3 (energy method) be satisfied and assume further that A is symmetric,
ε-periodic and Hölder continuous with exponent λ > 0 and that the homogenized
solution satisfies u0 ∈ H2(D)∩H1

0(D). Then

�uε−u0�L2(D) ≤C(α,β,λ,ε�u0�H2(D)

with some uniform constant C > 0 independent of ε.

Proof. The result is part of [8, Theorem 3.4] and we refer to the original work for a
proof. ��
Corollary 4.1. Let the assumptions of Theorem 4.1 and 4.2 be satisfied. Then

�uε−u0,H,δ�L2(D) ≤C(�A�C1(D̄;W1,∞
# (Y;Rd×d)),α,β)(ε+δ

2+H).

Moreover, if A ∈C2(D̄;W1,∞
# (Y;Rd×d)) is such that (4.22) holds, then

�uε−u0,H,δ�L2(D) ≤C(�A�C2(D̄;W1,∞
# (Y;Rd×d)),α,β)(ε+δ

2+H2).
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